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pA b strac t
The main p a r t  of th e  work describ ed  in  th i s  th e s is  i s  concerned 
w ith  the  p ropagation  of e lec trom agnetic  waves along c o a x ia l l in e s  p a r t i a l l y  
f i l l e d  w ith  a plasm a. The d isp e rs io n  curves f o r  the  p ropagation  of b o th  
f a s t  and slow waves have been th e o r e t ic a l ly  p re d ic te d  w hile considering  
the  plasma to  possess a uniform  e le c tro n  d e n s ity . Also th e  d isp e rs io n  
curve f o r  the p ropagation  of a c e r ta in  slow wave has been p re d ic te d  
w hile consid e rin g  the plasma to  possess a c e r ta in  non~uniform e le c tro n  
d e n s ity . T riv e lp iece  * s slow wave approxim ation has been a p p lie d  in  the
a n a ly s is  p e r ta in in g  to  the  slow wave p ro p ag a tio n . I t  has no t been 
p o ss ib le  f o r  the  f a s t  wave d isp e rs io n  curves to  be p re d ic te d  in  the 
non«uniform plasma case . However, a tran sm iss io n  l in e  technique has 
been developed which i s  capable of p re d ic tin g  very  acc u ra te  approxim ations 
to  the  f a s t  wave B r i l lo u in  diagram s, and th i s  tran sm iss io n  l in e  technique 
i s  ab le  to  p re d ic t  the  B r i l lo u in  diagrams f o r  f a s t  wave p ropagation  in  
non-uniform plasm as.
E lectrom agnetic wave p ropagation  in  a co ax ia l l in e  com pletely 
f i l l e d  w ith  a m agnetized plasma has been th e o r e t ic a l ly  in v e s t ig a te d , and 
the B r il lo u in  diagrams p e r ta in in g  to  b o th  f a s t  and slow wave propagation  
have been p lo t te d .  The tran sm iss io n  l in e  technique i s  capable of 
p re d ic tin g  v e iy  accu ra te  approxim ations to  the  f a s t  wave B r il lo u in
diagrams in  the case of m agnetized plasm as.
The ex isten ce  of bo th  f a s t  and slow wave propagation  along 
annu lar plasmas in  the absence of a d .c . m agnetic f i e l d  has been 
experim entally  dem onstrated and experim ental B r il lo u in  diagrams have 
been obtained  and compared w ith  th eo ry .
E lectrom agnetic wave p ropagation  along a c i r c u la r  wave guide 
con ta in ing  a d ischarge tube has been in v e s tig a te d  as w ell as p ropagation  
along a co ax ia l l in e .  The d isc rep an c ies  between th eo ry  and experim ent 
have been shown to  be due, a t  l e a s t  in  p a r t ,  to  th e  non«unifona n a tu re  
of the  experim ental plasma.
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Author*s Note
The au thor wishes to  express h is  r e g re t  th a t  some of the  
Greek l e t t e r s  are  ty p ew ritten  w hile o th ers  are handw ritten . This 
was due to  circum stances beyond the  c o n tro l of e i th e r  the  au thor 
o r  the ty p i s t .
DoN, PINDER,
Introduction
One of the  most in te r e s t in g  f ie ld s  of study in  Physics over the 
p a s t th ir ty « f iv e  y e a rs , has heen th a t  of plasma p h y s ic s . In  th is  
general f i e l d  the  phenomena a s so c ia te d  w ith  the  in te ra c t io n  between 
high frequency e lectrom agnetic  waves and bounded plasmas have been of 
p a r t ic u la r  in te r e s t .  One of the  reasons f o r  t h i s  i n t e r e s t  i s  th a t  i t  
may prove p o ss ib le  to  c o n s tru c t a m illim e tre  wave g en era to r whose mode 
of opera tion  depends upon the p ropagation  of e lec trom agnetic  waves 
through bounded plasm as. Such an o s c i l l a to r  would d ispense w ith  the  
need f o r  the i n t r i c a te  and f in e ly  made slow wave s tru c tu re s  which would 
be req u ired  f o r  a conventional t r a v e l l in g  wave tube o s c i l l a to r  o p era tin g  
a t  m illim etre  wave freq u en c ie s .
The propagation  of e lec trom agnetic  waves through in f in i t e  plasmas 
w il l  no t be d iscussed  s ince  the p a r t ic u la r  f a c e ts  of th e  work a re  no t 
of d i r e c t  in t e r e s t  to  the work describ ed  in  th i s  th e s i s .
P ropagation of E lectrom agnetic Waves In  Uniform Bounded Plasmas 
General g o n sid era tio n s^
D e fin itio n  of a Plasma. ~ A plasma i s  a p a r t i a l l y  io n ized  gas 
which, in  the absence of d is tu rb an ce s , i s  e l e c t r i c a l l y  n e u tra l .  F or 
the  p a r t ic u la r  a p p lic a tio n  considered  in  th is  work we may assume th a t  the 
ions a re  s ta t io n a ry , the  e le c tro n s  have no thennal v e lo c i t i e s ,  and th a t  no 
c o l l is io n s  occur. Such a plasma I s  approximated to  in  the  p o s it iv e
column of a low p ressu re  gas disoliarge.
The a n a ly s is  concerning the p ropagation  of e lec trom agnetic  waves 
in  a plasma reg ion  i s  very  com plicated u n le ss  one employs the concept 
of an eq u iv a len t plasma d ie le c t r io  c o n s ta n t. This means th a t  in  the 
an a ly s is  the plasma reg ion  w ith  i t s  in h e re n t e le c tro n ic  motion i s  
rep laced  by a charge f re e  reg ion  w ith  a p a r t ic u la r  d ie le c t r ic  co n s ta n t.
The value of th i s  d ie le c t r ic  constan t i s  a sc e rta in e d  by matching the 
displacem ent c u rren t d e n s ity  in  th e  eq u iv a len t d ie le c t r ic  to  the  t o t a l  
cu rren t d en s ity  in  the plasm a, i , e .  the  sum of the  f re e  space displacem ent
cu rren t d e n s ity , and the convection  cu rre n t d e n s ity  due to  the  e le c tro n ic
motion*
E valuation  of the E qu ivalen t Plasma D ie le c tr ic  Constant
As s ta te d  above the  expression  f o r  the  eq u iv a len t plasma d ie le c t r ic  
constan t i s  obtained  by equating  th e  sum of the plasma convection cu rre n t 
d en s ity , and the f re e  space displacem ent c u rre n t d e n s ity  to  the 
displacem ent c u rre n t d en s ity  o f the  eq u iv a len t charge f re e  reg io n .
Consider a D.C. magnetic f i e l d  of magnitude to  a c t  on the plasma
in  th e s s d ire c tio n . The displacem ent c u rre n t d e n s ity  in  the  eq u iv a len t 
charge f re e  reg io n  may be w r i tte n  a s ,
B  ~  J  «CO * § £  1  •  33 *  
where CO i s  the  angu lar frequency of the a p p lie d  f i e ld s .
E i s  the  ap p lied  e l e c t r i c  f i e ld .
M  is  the eq u iv a len t charge f re e  reg io n ’ s p e rm it t iv i ty  
D i s  the  e l e c t r i c  d isplacem ent.
The fre e  space displacem ent c u rre n t d en s ity  may he w r itte n  as :
/v j
where € q i s  the p e rm it t iv i ty  of f re e  space.
The plasma conduction cu rre n t d en s ity  i s  « p ,v , where ~p i s  the 
e le c tro n  charge d e n s ity , andv i s  the  e le c tro n  v e lo c i ty .
Therefore
»pv. is J • • •  . . .  • • •  • ••  . . .  ( l^
Now the e le c tro n  equation  o f motion i s :  
d v  ( v .V ) .v  . - e  e _  (v  x  B ) „ .  . . .  . . .  (2 )
"T4, • *' J« SH Hi V- T Va t  T m m
where B0= p 0H0 : e  i s  the  e le c tro n ic  charge;
m Is  th e  e le c tro n ic  ma&s:
v  i s  th e  e le c tro n ic  v e lo c i ty  tinder the
a c tio n  o f im pressed elestrdssssgnetic f ie ld s
and Mq i s  t h e ' p erm eab ility  of f re e  space.
T herefore , ig n o rin g  second o rd er e f f e c t s ,  the e le c tro n  v e lo c i ty  
components may be w r itte n  in  c y l in d r ic a l  co -o rd in a tes  a s ,
3 .0 ) .^  = -  I .  ^  -  V Te  ................................................... (3 )
» - f - . E e  + o;o / r  .....................  _  ' ( k )
*3 • ”  “* J JJ* *^2: » • » • • •  • » » » ( 5 )
0 ^  _
whoro 0JQ = * iho  cy c lo tro n  angu lar frequency.
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(8)
By using  each o f th ese  v e lo c ity  components in  tu rn  in  equation  ( i )  
we f in d  th a t  [e ]  may be w r itte n  as ;
€ r r  ^er0 0
oVli 
1—
1 
1_
1 ~3eSr e©Q 0
0 0 Grrr,22
i* e . [e ]  has a m atrix  re p re se n ta tio n  
where
e =s e, r r  < 1 i^ ~)
- u f i j
rO IaJ c  ^ 'JL
e ~ i  ^ 2 —
W 2
2
9 r  ^  ( I J 2 -  U)2 )
2
where i d  « 
p
76*
'O .m
i s  the  angu lar plasma frequency
Hote: jO = N.e where H i s  the  e le c tro n  number d e n s ity .
I t  should be n o tic e d  th a t  when th e  ap p lied  D.C. magnetic f i e l d  i s  
reduced to  zero the  eq u iv a len t p e r m it t iv i ty  reduced to  a simple s c a la r  
q u an tity ,
General D iscussion of C onditional Equations and T h e ir S o lu tions
N early a l l  the th e o re t ic a l  work subsequently  describ ed  in  th i s  
th e s is  w il l  be concerned w ith  th e  p ropagation  of e lec trom agnetic  waves 
through a system of con cen tric  a n n u li of d if f e r in g  d ie le c t r ic  c o n s ta n ts , 
one of the  a n n u li being  a  plasma reg io n , see F igure  1* The th e o r e t ic a l  
approach seeks to  p lo t  B r il lo u in  diagram s, i . e .  graphs ofW , o p era tin g  
angu lar frequency, a g a in s t (3, p ropagation  co n s ta n t. By apply ing  Maxwell*s 
equations we may set«up and solve the  wave equation  in  each d ie le c t r ic  
annulus in  tu rn , and then  by apply ing  the  boundary co n d itio n s  governing 
the electrom agnetic  f i e ld s ,  we may o b ta in  an equation  which r e la te s  only
, and the v a rio u s  d ie le c t r ic  c o n s ta n ts . Note th a t  the  p e rm eab ility
o
of each d ie le c t r ic  i s  assumed to  be . Since the  d ie l e c t r i c  co n s ta n ts
o
may be considered  as known, the equation  may be taken  as the  one which 
governs the e igen  v a lu es o f (3 which p e r ta in  to  each va lue  of This
equation  i s  c a l le d  the  co n d itio n a l equation  f o r  the  p a r t ic u la r  system 
under review  and i t s  so lu tio n  y ie ld s  th e  B r il lo u in  diagram f o r  th e  system .
The problems involved  here in  so lv in g  Maxwellf s equations in
- 6 -
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conjunction w ith  the  e x is t in g  boundary cond itions to  y ie ld  an equation  
r e la t in g  Wand (3 a re  b a s ic a l ly  those encountered in  the  so lu tio n  of any 
problem which i s  concerned w ith  th e  p ropagation  of e lec trom agnetic  waves 
in  a wave guide of composite c ro s s -s e c tio n . The presence of a d i e l e c t r i c  
whose p e rm it t iv i ty  i s  a h igh ly  frequency dependent te n so r  does no t make 
the d e riv a tio n  of th e  c o n d itio n a l equation  very  much more d i f f i c u l t .
S o lu tions of the  c o n d itio n a l eq u a tio n , i . e .  th e  f in d in g  of th e
e igen  values of (3 which p e r ta in  to  each value of u /, a re  o b ta in ed , in
g e n e ra l, w ith  th e  a id  of a computer, however, f o r  to th e  p ropagating
P
waves may be d escrib ed  as slow waves, th i s  im p lies  th a t  the c o n d itio n a l 
equation  may be s im p lif ie d  by th e  a p p lic a tio n  o f a c e r ta in  approxim ation. 
This approxim ation so reduces the  co n d itio n a l equation  th a t  i t  may be 
solved w ith  the  a id  of a desk c a lc u la to r .  The approxim ation was f i r s t  
in troduced  by T riv e lp iece  (1958) and i t  i s  known as th e  ’’slow wave 
approxim ation” .
Summary of P revious R esu lts  Concerning the  P ropagation  of E lectrom agnetic
Waves in  Uniform Bounded Plasmas
( i )  Plasmas of Conventional C ross-S ection  (see F igure l a ) .
v f  c a c 3 c s c » c a c n c » a » n o B a « ) c 3 o « > c 3 c c 3 c a  '
E a r l ie r  re se a rch e rs  have found th a t  a plasma f i l l e d  c i r c u la r  wave 
guide can support e lectrom agnetic  wave p ropagation  a t  freq u en c ie s  below 
the plasma frequency when the  system i s  immersed in  an i n f i n i t e ,  a x ia l ,
D.C. magnetic f i e ld ,  p ropagation  tak in g  p lace  from zero frequency up to
the plasma frequency. A ll modes of p ropagation  have the  same pass-band
and propagate sim ultaneously  i f  e x c ite d . F or p ropagation  a t  freq u en c ies
above the  plasma frequency , the  e lec trom agnetic  waves have a c u t-o f f
frequency of ^ ^ [ t^  2+ a j^ S rh e re  T depends upon the  s p e c if ic  mode of .
P
propagation , i . e .  a l l  modes do not have the  same pass-band . The e f f e c t
of the  plasma i s  to  in c re a se  the c u t-o f f  frequency of the  empty wave gu ide.
A sketch  of the B r il lo u in  diagram f o r  such a system i s  shown in  F igure  2*
I t  was found by T riv e lp iece  th a t  when th e  D.C. magnetic f i e l d  was
reduced from i n f i n i t y  to  a f i n i t e  value the  p ropagation  in  th e  low est
pass-band c u t-o f f  a t  the  plasma frequency , f  , o r  th e  cy c lo tro n  frequenoy,
P
whichever was th e  sm alle r, and an a d d it io n a l pass-band  was in tro d u ce d , th i s  
pass-band s tre tc h e d  from th e  cy c lo tro n  frequenoy o r f  ■whichever was the la rg e r
r  2 " x ?/to  f  -  + ^  1 , The waves which propagate within th is  new pass-band
JTc p j
have a backward wave n a tu re , see F ig u re  3 , Most workers have experienced  
g re a t d i f f i c u l ty  in  experim en tally  observing th e  backward wave pass-band , 
[F e r r a r i ,  1961].
If* the m agnetic f i e ld  i s  reduced to  zero, p ropagation  a t  freq u en c ie s  
below the plasma frequenoy i s  im possib le . However, i f  the  plasma does 
no t com pletely f i l l  the  guide then  a D.C* Magnetic f i e l d  i s  n o t e s s e n t ia l  
f o r  the low frequency p ro p ag a tio n , and p ropagation  i s  p o ss ib le  from zero 
frequency up to  a frequency which i s  l e s s  than  th e  plasma frequency . The
-9 -
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p re c ise  value of th is  upper c u t-o f f  frequency depends upon th e  n a tu re  of
the guiding system#
The c u t-o f f  frequency .of the  c i r c u la r ly  symmetric h igh  frequenoy
wave,U&UJ, in  a c i r c u la r  wave guide p a r t i a l l y  f i l l e d  w ith  an "unmagnetized” 
P
plasma ( i , e .  no ap p lied  D,G. m agnetic f i e l d ) ,  i s  d i f f e r e n t  from what i t  
would be i f  the  guide were plasma f i l l e d ,  however, the  e s s e n t ia l  n a tu re  
of the p ropagation  i s  no t a l te r e d .  High frequenoy waves which a re  no t 
c i r c u la r ly  symmetric become hybrid  waves when th e  plasma reg io n  does not 
com pletely f i l l  the  c i r c u la r  wave guide,
Sodomsky (1959) in v e s tig a te d  e lectrom agnetic  wave p ropagation  
in  plasmas a t  freq u en c ies  above th e  plasma frequency when no D.G, m agnetic 
f ie ld s  were a c tin g  on th e  system , h is  work i s  r e fe r r e d  to  in  C hapter I H .
( i i )  A nnular Plasmas
The term an n u lar plasma i s  used  to  d escrib e  a c y l in d r ic a l  plasma 
which has an an n u la r c ro s s -s e c tio n , see F igu re  Xfe*
The an n u la r plasma has no t been ex te n s iv e ly  in v e s tig a te d  in  the  
p a s t ,  p robably  because o f th e  d i f f i c u l t i e s  involved in  o b ta in in g  a  s ta b le  
a x ia l ly  symmetric plasm a, t h i s  a sp ec t i s  d e a l t  w ith  in  Chapter XT', 
however, a c e r ta in  amount of work has been perform ed a lthough  our t o t a l  
knowledge of t h i s  p a r t ic u la r  k in d  of plasma i s  s t i l l  very  l im ite d , i , e ,  
p revious workers have no t considered  th e  e f f e c ts  of an a p p lied  D.C. 
magnetic f i e ld .
The p ropagation  of e lec trom agnetic  waves in  an n u la r plasmas may
be s p l i t  in to  two se c tio n s , one p e r ta in in g  tokK W  and the  o th e r  to
When id i s  l e s s  than  th e  p ropagation  depends very  markedly upon
the p a r t ic u la r  guiding system invo lved , th i s  p o in t i s  made in  C hapter I#
One may say th a t  f o r  p ropagation  in  the  reg ion  defined  byta^U/ , the
P
propagating  waves a re  slow waves* Whenw) (jd the p ropagating  waves a re
P
f a s t  waves, th e  au th o r has been unable to  f in d  any l i t e r a t u r e  p e r ta in in g  
to  the  p ropagation  of th ese  f a s t  waves in  an n u lar plasmas* The l i t e r a t u r e  
concerning slow wave p ropagation  i s  confined  to  two papers; a th e o re t ic a l  
and experim ental paper by N apoli and Swartz (19&3), and a  p u re ly  
th e o re t ic a l  p aper by Paik  (1962)*
N apoli and Swartz had a  d ischarge and guiding system as shown in  
F igures k- and 5* They p lo t te d  experim ental and th e o re t ic a l  norm alized 
B r il lo u in  diagrams f o r  slow wave p ro p ag a tio n , F igure  6 , and they  appeared 
to  o b ta in  a very  high degree of agreem ent, however, th e re  a re  sev e ra l 
a sp ec ts  of t h e i r  work which th e  au th o r f in d s  d istu rb ing*
(a )  The in v e s t ig a to rs  had no way o f knowing th a t  the  plasma 
was a x ia l ly  symmetric o r th a t  i t  was uniform  throughout 
the  whole le n g th  of the  "plasma region"* 
o o  When th e o r e t ic a l ly  in v e s t ig a t in g  th e  system* s B r i l lo u in
diagram the  au th o rs  c a lc u la te d  one ro o t of the c o n d itio n a l 
equation  by ig n o rin g  the  e f f e c ts  of the o th e r  and v ice-versa*
This i s  n o t a procedure which le a d s  to  c o r re c t r e s u l t s  in  general#
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(c )  The probe which was used to  o b ta in  the  experim ental
B r il lo u in  diagram in  f a c t  te rm inated  one guiding system 
and i n i t i a t e d  a  d i f f e r e n t  one* The in v e s t ig a to r s  showed 
th a t  th e  B r il lo u in  diagrams f o r  th ese  two systems were 
s im ila r  and -that t h e i r  c h a r a c te r is t ic  impedances were 
approxim ately  eq u a l, th e re fo re  they  f e l t  a t  l i b e r ty  to  
assume th a t  t h e i r  probing system d id  n o t in te r f e r e  w ith  
the  p ropagation  c h a r a c te r is t ic s  of the f i r s t  guiding 
system* This seems to  be an u n s a tis fa c to ry  way of 
probing  the  guiding system 
P a ik f s work was confined  to  a th e o re t ic a l  in v e s tig a tio n  of slow wave 
propagation  along an n u lar plasmas con ta ined  w ith in  d i f f e r e n t  guiding systems* 
The work i s  b e s t  summarized in  the  form of diagrams which give th e  norm alized 
B r illo u in  diagram f o r  each gu id ing  system , F igure 7* I t  may be n o ticed  
th a t  the  guid ing  systems in v e s tig a te d  by P aik  a re  no t p h y s ic a lly  r e a l iz a b le  
because any plasma reg ion  must in  p ra c t ic e  be surrounded by a  d ie le c t r ic  
sheath  which re p re se n ts  th e  g la ss  w alls  of the  experim ental d ischarge tub©* 
Note th a t  even in  the  case of N apoli and Swartz *s diode a shea th  m s  s e t  up 
ad jacen t to  the  m etal w a ll , th e  sh ea th  had a d i f f e r e n t  d ie le c t r ic  co n stan t 
from th a t  of the r e s t  of the  plasm a, so even when th e  d ischarge i s  formed 
w ith  a diode arrangem ent th e  plasma i s  no t in  d i r e c t  co n tac t w ith  the  
m etal wall*
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The work of N apoli and Sw artz, and th a t  o f P aik  i s  only ooncem ed 
w ith .th e  p ropagation  of the  low est o rder c i r c u la r ly  symmetric mode.
There a re  two reasons f o r  t h i s :
(a )  The c i r c u la r ly  symmetric mode i s  the  most in te r e s t in g  mode 
from a p u re ly  th e o re t ic a l  standpoint*
00 The most im portan t reason  i s  th a t  t h i s  mada. i s  the one
which i s  most e a s i ly  e x c ite d  in  an experim ental arrangem ent, 
and so i t  i s  the  most convenient mode f o r  experim ental purposes 
A ll the  work on th e  p ropagation  of e lectrom agnetic  waves along 
annu lar plasmas subsequently  p resen ted  in  th i s  th e s is  i s  concerned only 
w ith  the low est o rd e r, c i r c u la r ly  symmetric mode, a t  no time a re  any 
h igher o rder modes in v e s tig a te d .
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C H A P T S R  Xo
Propagation  of the  Lowest Order Slow 
Wave Mode In  Annular Plasmas
The work described  in  th i s  C hapter se lves to  dem onstrate the  v ario u s  
d if f e r e n t  kinds of c i r c u la r ly  symmetric slow waves th a t  theo ry  p re d ic ts  
may propagate along an an n u lar plasma column. V arious d i f f e r e n t  guiding 
systems w i l l  he co nsidered , however, the  th e o re t ic a l  c a lc u la tio n s  a s so c ia te d  
w ith  each guiding system w il l  no t he reproduced since  the  so lu tio n s  f o r  
each case a re  b a s ic a l ly  very  sim ilar*  The f i e ld  th eo ry  w i l l  only he 
reproduced f o r  the  f i r s t  case .
I t  i s  emphasised th a t  only the low est o rd e r, c i r c u la r ly  symmetric 
mode i s  examined*
(a ) P ropagation of the  Lowest Order Slow Wave Mode in  the 
Absence of a D.C. Magnetic F i e l d -
The f i r s t  guid ing  system considered  i s  shown in  P igu re  8 ,a ,  the  
absence of an a p p lied  D.C. m agnetic f i e l d  causes the  eq u iv a len t p e r m it t iv i ty  
of the plasma to  reduce to  a simple s c a la r  q u an tity . P ropagation  in  
th is  guiding system w i l l  be taken as a t e s t  case and so the  p ropagation  
w ill  be c lo se ly  examined b o th  h e re , where uniform plasmas a re  considered , 
and below, where non«uniform plasmas a re  considered .
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The equations governing the^electrom agnetic  f i e ld s ,  Maxwellf s E quations, a re
a -
fO
ct n  . ^ Di
b t
V.DX =
= 0  
*»/ AJ
A#
nx = [«] b_
«— Z'-' fj r*f
Where E-^, H*j, D^, and a re  the t o t a l  time vary ing  components o f e l e c t r i c  
f i e l d ,  magnetic f i e l d ,  e l e c t r i c  f lu x  d e n s ity , and m agnetic f lu x  d e n s ity , 
re sp e c tiv e ly .
Note th a t  b o th /-an d  J  may be s e t  equal to  zero s ince  the concept of an
eq u iv a len t plasma p e rm it t iv i ty  i s  employed.
R ectangular c y l in d r ic a l  p o la r  co -o rd in a te s  a re  employed and, s ince
the low est o rd e r, c i r c u la r ly  symmetric mode i s  to  be in v e s tig a te d , no
angu lar v a r ia t io n s  w i l l  be considered . A lso , f o r  th e  low est o rd er mode
H may be s e t  equal to  zero , z
Therefore from Maxwell*s E quations,
'b ®L.9 . ,
-  T T ~  =
^  B i  b \ . Z ' u r,
   -   _ «
dz o r
V  • A- ( r *Ei .©) = 0
b v
~19~
And
« ^ _ jj 0  u■»     rs  <j •  y*
})Z
b % . r  .. . , i * „  j M e .  ^
O Z
1  • A . (r* ) = j / j . e .
j.(u>t-{3z)
L et the f ie ld s  be given by P^ts P .e
Then i t  fo llow s th a t ,
E i s  a c o n s ta n t, th e re fo re  no t of in te r e s t  ©
jj tt ti t» n « ti tt
r
fL ss (., bi^z)  • • • • • •  . 1
*  p b r
2 « -i • (e ) . . . . . . . . . . . .  u
P ■■ 3 r  2
1 . > /  ^ \  _ 2 — 2
and — *-3r-~ f r  ...■»-- j + (3 3 ~ 0 * . .  • • •  • . . XIX
r  o r  v d r  /
The low est o rd er mode th e re fo re  has only th re e  f i e l d  Components,
E , E , and H . Equation I H  enables th e  so lu tio n  f o r  E to  be foundr* z 7 9 z
and equations I  and XX enable and H. to  be found in  term s of E . x r  © z
In  th i s  Chapter only slow wave p ropagation  i s  co nsidered , th e re fo re  
(3^  may be taken  to  be very  much g re a te r  than * This approxim ation
i s  r e fe r r e d  to  as the "Slow Wave A pproxim ation". Applying th e  approxim ation
equations I  and TTT become,
tt _  f  b ^ z  T
•‘"T-V “  ' t — v ■  »     « » «  . . .  . . .
0 P2^  J f
Equation XU i s  a m odified B esse l equation  o f zero order 
th e re fo re
Ez = A .I0(p r)  + B.K0( p r ) .
where A and B a re  Constants*'
Por the  p a r t ic u la r  guiding system considered  here th e re  a re  th re e
sep ara te  d ie le o tr io  an n u l! c h a ra c te r is e d  by th ree  d i f f e r e n t  p e r m i t t iv i t i e s ,
^1*^2* ^3* cen^re  d ie le o tr io  re p re se n tin g  a plasma region* Therefore
the  complete so lu tio n  f o r  35 i s ,  . ■
E \  s  C .I_ (p r)  + D.K (pi*), a <(r <b d ie le c t r ic  reg io n , €
Z • X o  0  X . c.u*
E 0 = A*I (p r )  + B.IC (p r)  b < r  <o plasma reg io n , 6 s  £ ( l  -  )o o 2 o
E^ ^ a  E.X^pr) + P.Ko(p r )  o < r  <d d ie le c t r ic  re g io n ,
Applying th e  re le v a n t boundary c o n d itio n s , i . e .  c o n tin u ity  of 
ta n g e n tia l  e l e c t r i c  and magnetic f i e ld s ,  and ta n g e n tia l  component of 
e l e c t r i c  f i e l d  s e t  to  zero a t  a m etal su rfa c e , we o b ta in ,
e . x ( p a )  + D.K0(p a ) = 0    . . .  . . .  (a)
E . I o(p a) + e .k  (p a ) = 0 .  * .  ........................... . . ( b )
C .I  (pb) + D.Ko(pb) = A .I0(pb) + B.K0(pb) ..................................  .  ( l )
A .Io(po) + B.K0(po) = £ I 0(po) + P.K0(po) ............................................ (2 )
£,CC.l'(pb) + D. K '  (p b )] = ^ [A .x j;p b )  + B .K '(p b )] . . .  . . .  (3 )
+ B .K '(po )] * (  [ E . l '( p c )  + F .K 'C pol ...............................(A)
Divide equation  ( l )  by equation  (3 )
Note; The dash on a B essel fu n c tio n  denotes d i f f e r e n t ia t io n  w*r«t* 
the argument*
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'/])• S0(Pb ) + K0(Pb ) _  I Q(pb) + K (pb)
• •
^ a f ^ - V c p b )  ‘  4 ^ ) ]  % .  i '( p b )  + < ( p b )
r n ,  . M  /. - f  _
4 . 30
Divide equation  (2 ) by equation  (if.)
% •  I 0(Po) + Kc(po) VB. X0feo) + K0(po)
•  •  •  •  * *  (5)
•  •  •  •  •  •  (6 )
€3/f CB/p + K„(P°)] VB Xo(|3o) + Eo(Po)
Both equations (5)  and. ( 6 ) may be used to y ie ld  an expression  f o r  
b/ a ’ th e  c o n d itio n a l equation  i s  ob ta ined  by equating  th ese  two expressions 
The co n d itio n a l equation  i s ,
e 2A ^ ( p b ) .  p (p ,a ,b )  + xo( p b ) .p '( p ,a ,b )  £  x L(p o ) .p (p ,a ,o )  + i o( p o ) j^ a ,e )  
€ 1.  _ 3.
f ; —  " r,nr"nT^TI''1" ■ r in- ' ' " " ' " lr" ~~,mrr' T " "J* ^
/ e ^ C p b ) .  P (p ,a ,b )  -  K0(p b ).P / (p ,a ,b )  2/ f 3>KL(p c ) .P (p ,a Jo)-E o(p o ).P /((5,a1o)
• • • • • •  (9)
where
P ( p ,a ,b ,)  = I 0(P a ) . Ko(pb) -  Ko( p a ) . I o(pb)
P 'C p .a .b ) = E0(p a ) .  I ^ p b )  ♦ I o(pa).K ^(pb)
p (p ,a ,0) = i 0(pa). K0(po) -  K0( p a ) . i0(po)
p /(p ,a ,o )  = K0(pa). i^ p o )  + I^ p a j .^ c p o )
The norm alised  B r i l lo u in  diagrams p re d ic te d  by equation  (9 ) are  
p lo tte d  in  E igure 9 f o r  fo =f 3» andC^ a  If..6* C a  The p ropagation
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of two sep ara te  and d i s t in c t  slow waves i s  in d ic a te d . This means th a t  
the  low est o rd e r , c i r c u la r ly  symmetric, slow wave mode of p ropagation  i s  / 
i t s e l f  composed of two propagating  slow waves#
The e l e c t r i c  f i e l d  p a t te rn s  f o r  th ese  two slow waves were found 
so th a t  the waves could  he in v e s tig a te d  in  g re a te r  d e ta il#
The fo llow ing  s tep s  were taken  to  f in d  th e  e l e c t r i c  f i e l d  p a t te rn s :
(1 ) A p o in t was se le c te d  on each of the  ( % p -  pa) curves d efined  
by ^  ss f ig u re  9* Thus and p were set#
(2 ) The f i e l d  equations were used  to  p lo t  graphs of E a g a in s t r  f o rz
each slow wave# These graphs were c a l le d  ’’th e  f i e l d  in te n s i ty  graphs” .
(3)  By usin g  equation  H ,  E  ^ was then  found as a fu n c tio n  of r  from
the f i e l d  in te n s i ty  graphs#
Thus, E„ and B were found as  fu n c tio n s  of r  f o r  each slow wave.'  z r
th e re fo re  the  e l e c t r i c  f i e l d  p a t te rn s  were p lo t te d  f o r  the  p a r t ic u la r
values of , and (3 se le c te d .
P
The f i e l d  in te n s i ty  graphs and the e l e c t r i c  f i e l d  p a t te rn s  a re  
shown in  F ig u res  (XCJ, (1 1 ), and (1 2 ).
From the  f i e l d  in te n s i ty  graphs i t  may be seen th a t  th e  r a d ia l  
component of e l e c t r i c  f i e l d ,  E^ rev e rse s  in  d ire c t io n  acro ss  each  plasm a- 
d ie le c t r ic  in te r f a c e ,  th i s  i s  because the  eq u iv a len t d ie le c t r ic  constan t 
of the plasma region, f g ,  i s  n e g a tiv e , i#e# since  th e  normal component of 
e le c t r ic  displacem ent must be continuous ac ro ss  a d ie le c t r ic  boundary,
24'
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and n e g a tiv e , the d ire c tio n  of E^ must rev erse  ac ro ss  the
p lasm a~ d ie lec tric  in te rfa ce s*  This r e s u l t  in d ic a te s  th a t  the problem 
may be solved w ithout s e t t in g  up an eq u iv a len t charge«free d ie le c t r ic  
reg ion  f o r  the plasma reg io n , b u t in s te a d  p o s tu la tin g  the  ex is ten ce  
of su rface  charges on the plasma boundaries.
D iscussion  of The B r i l lo u in  Diagram, The F ie ld  I n te n s i ty  
Graphs and The E le c tr ic  F ie ld  P a tte rn s
C3 C3 O  <a
The norm alized B r il lo u in  diagrams shown in  F igu re  9 d isp la y  two
ro o ts  in d ic a tin g  th e  p ropagation  o f two slow waves* One wave, a forw ard
wave, propagates from zero frequency and cu ts« o ff  a t  some c e r ta in  frequency,
' ") 
the o th e r wave only propagates w ith in  some c e r ta in  frequency band.and may
d isp lay  a backward wave n a tu re  (see  below ). The f i e l d  in te n s i ty
d istr ib u tion s f o r  these two waves were p lo tted  and so too Y/ere the e le c tr ic
f i e l d  p a t te rn s .  The fo llow ing  in te r e s t in g  p o in ts  may be n o tic e d .
(A) The Forward Wave, o r F i r s t  Wave.
( i )  This wave i s  c h a ra c te r is e d  by the  lo n g itu d in a l e l e c t r i c
f i e l d  component, Ez being s tro n g e s t a t  the  o u te r  p lasm a« d ie leo tric  
in te r f a c e .
( i i )  The lo n g itu d in a l e l e c t r i c  f i e l d  v e c to r  does no t rev erse  
in  d ire c t io n .
( i i i )  The e le c t r i c  f i e l d  p a t te rn  f o r  th is, wave c o n s is ts  e s s e n t ia l ly  
of two c lo sed  loops about the  p la sm a^ d ie lec tr ic  in te r f a c e s .
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(B) The Second Wave•
( i )  This wave i s  c h a ra c te r is e d  by being s tro n g e s t on the 
in n e r  d ie lec tr ic ^p la sm a  in te r f a c e .
( i i )  The lo n g itu d in a l e l e c t r i c  f i e l d  v e c to r  does reverse  in  
d ire c t io n .
( i i i )  The e le c t r i c  f i e l d  p a t te rn  i s  e s s e n t ia l ly  a c lo sed  loop 
w ith in  the plasma reg io n .
Since f o r  the f i r s t  wave th e  lo n g itu d in a l e l e c t r i c  f i e l d  component 
i s  most pronounced a t  the o u te r p lasm a~ d ie lec tric  in te r f a c e ,  th i s  wave i s  
sa id  to  be a s so c ia te d  w ith  th e  o u te r  plasma su rfa c e . F or a s im ila r  reason  
the second wave i s  s a id  to  be a s so c ia te d  w ith  the in n e r  plasma su rfa ce .
The f a c t  th a t  each plasma su rface  seemed to  be a s so c ia te d  w ith  one 
of the  slow waves s tim u la ted  the n o tio n  th a t  i t  would be worthwhile 
in v e s tig a tin g  the p ropagation  of slow e lectrom agnetic  waves when f i r s t  
one and then the o th e r  plasma surs*fce was " 'shorted out" by a  conducting 
su rfa ce . This n e c e s s ita te d  the in v e s tig a tio n  of two o th e r guiding 
systems* Case (i.) i s  concerned w ith  a guiding system which has a plasma 
annulus ad jacen t to  the  in n e r  conductor, and sep ara ted  from the  o u te r  
conductor by g la ss  and a i r  sh ea th s , see F igure 8 b . Case ( i i )  i s  
concerned w ith  a guid ing  system such th a t  the  plasma annulus of the prev ious 
guiding system, shown in  F igure 8 .b ,  i s  in terchanged  w ith  the  a i r  shea th  
annulus, see F ig u re  8 . 0 . The th e o r e t ic a l  com putations f o r  th ese  two cases
are  d i r e c t ly  r e la te d  to  those a lread y  p resen ted  in  t h i s  c h ap te r, th e re fo re  
the norm alized B r i l lo u in  diagrams a re  d isp layed  w ithou t t h e i r  th e o re t ic a l  
com putations.
C a s e j i ) :  The guiding system i s  shown in  F igure 8 .b ,  the system*s
nom adized  B r i l lo u in  diagram i s  shown in  F igure 13. The norm alized 
B r i l lo u in  diagram f o r  th is  case has only one ro o t in d ic a tin g  th a t  only 
one wave may p ro p ag ate , moreover, t h i s  ro o t shows th a t  the  p ropagation  
d isp lay s  backward wave p ro p e r t ie s .  The f a c t  th a t  only one wave propagates 
i s  in  accordance w ith  the  no tion  th a t  a slow-wave i s  a s so c ia te d  w ith  each 
plasma su rface  n o t "sh o rted -o u t"  by a  conducting su rfa c e . The lo n g itu d in a l 
e l e c t r i c  f i e l d  d is t r ib u t io n  i s  shown in  F igure 14, i t  appears to  be only 
a s l ig h t  m o d ifica tio n  of the  f i e l d  d is t r ib u t io n  found f o r  the " f i r s t  wave" 
which propagates in  the guiding system shown in  F igure  8a . However, the  
f i e l d  p a t te rn  shown in  F igure 15 could be regarded  as  a m od ifica tio n  of 
the f i e l d  p a t te rn  of e i th e r  the  f i r s t  o r second wave which propagates in  
the guiding system shown in  F igure 8a .
Case ( i i )  The guiding system considered  i s  shown in  F igure 8o , the
«a o  n  i a  a
fiyuft /i,
system*s norm alized B r il lo u in  d iag ram /in d ica tes  th e  presence of only one 
wave, a backward wave, which ag a in , i s  in  accordance w ith  the n o tio n  th a t  
a slow wave i s  a s so c ia te d  w ith  each plasma su rface  n o t "shorted«out" by a 
conducting su rfa c e . The f i e l d  in te n s i ty  graph, F igu re  16, shows th a t  th e  
wave may be thought of as  a m o d ifica tio n  of the  "second wave" which
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propagates in  the  guiding system d ep ic ted  in  F igure 8a , however, the 
e l e c t r i c  f i e l d  p a t te r n ,  F igure 17, may he thought of as a m od ifica tio n  
of th a t  p e r ta in in g  to  e i th e r  th e  f i r s t  o r second wave which propagates in  
the guiding system shown in  F igure 8a*
We may th e re fo re  conclude th a t  the  slow waves a re  c lo se ly  r e la te d  
to  th e  plasma su rfa c e s , i* e . th ey  a re  su rface  waves*
I t  has been shown th a t  the  p ropagation  of two c i r c u la r ly  symmetric 
slow waves in  th e  guiding system shown in  F igure  8a ,  may be exp lained  
bsr assuming th a t  each o f the  slow waves i s  a s so c ia te d  w ith  one o r o th e r 
of th e  plasma su rfa c e s , however, a t  f i r s t  s ig h t i t  appears th a t  ano ther 
exp lanation  i s  possib le*
The in v e s t ig a t io n  of th e  p ropagation  of e lec trom agnetic  waves along 
a composite co a x ia l l in e  f i l l e d  w ith  co n cen tric  conventional d ie le c t r ic  
an n u li shows th a t  th e re  a re  two c i r c u la r  symmetric T.M. modes which may 
propagate in  the  system , [Beam and Dobson 1952]* One of th ese  modes i s  
derived  from the T.E.M. mode of a simple co ax ia l l i n e ,  the  o th e r  from 
the T « M ^ mode. Both th ese  modes have Ez , E , and as t h e i r  only 
c o n s titu e n t f i e ld s .  Since th i s  i s  th e  case f o r  p ropagation  in  conventional 
d ie le c t r ic s  i t  may be argued th a t  i t  w i l l  a lso  be th e  case when propagation  
in  plasmas i s  considered* Therefore i t  would appear th a t  the  p ropagation  
of two c i r c u la r  symmetric slow waves along th e  guid ing  system shown inf
Figure 8a , may be exp la ined  by assuming th a t  one slow wave i s  deriv ed  from
-35-
the T.E.M. mode of a simple co ax ia l l i n e ,  w hile the  o th e r i s  derived
from the T m o d e .  However, the  f a c t  th a t  one of th e  slow waves
i s  suppressed whenever a plasma su rface  i s  sh o rted  by a conducting su rface
d is c r e d i ts  t h i s  id e a , s ince  n e i th e r  th e  mode derived  from th e  T.E.M. mode
nor th a t  derived  from the  T.M. mode should be out«o ff  ju s t  because the
o . l
plasma reg ion  i s  ad jacen t to  a conducting w a ll . Again, even when the 
cen tre  conductor i s  removed th e  two slow waves s t i l l  p ro p ag ate , see below, 
b u t in  the absence of a ce n tre  conductor no T.E.M. mode may e x is t  th e re fo re  
the f a c t  th a t  b o th  slow waves propagate in  the  absence of a cen tre  
conductor d is c r e d i ts  th e  p ro p o sa l. I t  i s  c le a r  then  th a t  each slow wave 
i s  n o t derived  from a d i f f e r e n t  co ax ia l l in e  tra n sv e rse  magnetic mode.
The Backward Wave. F or the guiding system shown in  F igure  8a , th e  second
e a i a n a c a a c a n a
wave does not d isp la y  a backward wave n a tu re , however, i f  th e  guid ing  
system i s  a l te r e d  and s u ita b le  d ie le c t r ic  annu l! a re  p o s itio n e d  between 
the plasma and th e  cen tre  conductor, then  th e  new guid ing  system so 
formed, may support b o th  forw ard and backward slow wave p ro pagation . A 
guiding system capable of supporting  b o th  forw ard and backward waves i s  
shown in  F igure 18. Two norm alized B r i l lo u in  diagrams a re  p lo t te d  on the  
one graph, F igure 19, one f o r  the  guid ing  system w ith  a cen tre  conductor, 
the o th e r f o r  the  guid ing  system w ithout a  cen tre  conductor, i t s  p lace  
being taken by f r e e  space. From th e  noimalized. B r i l lo u in  diagrams i t  
can be seen th a t  b o th  th ese  p ropagating  s tru c tu re s  e x h ib i t  backward wave 
p ro p e r tie s .  The f a c t  th a t  the norm alized B r il lo u in  diagrams shown in
CtH'pucTM* TUHPACS,
Kpj €/>=^or 
Ca*t}vc"ToA,
Cl
CortpucTiACr SUAF//C&,
«.</*< b , PLASH A
17
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F igure 19 are  so s im ila r  lead s  to  the  conclusion  th a t  slow wave propagation  
in  a co ax ia l l in e  con ta in ing  a plasma annulus i s  more ak in  to  slow wave 
propagation  in  a c i r c u la r  wave guide con ta in in g  an annu lar plasm a, than  i t  
i s  to  normal wave propagation  in  co ax ia l lin e s*  This means th a t  f o r  a 
co ax ia l l in e  co n ta in in g  a plasma annulus, normal e lectrom agnetic  wave 
propagation  i s  no t p o ss ib le  below the  plasma frequency due to  th e  presence 
of th e  e le c tro n s ,  in s te a d  a d i f f e r e n t  k ind  of p ropagation  tak es  p lace  
due to  th e  e le c tro n ic  m otion, thus slow wave propagation  in  a co a x ia l l in e  
i s  s im ila r  to  slow wave p ropagation  in  a c i r c u la r  wave guide co n ta in in g  
an annu lar plasm a,
(b) P ropagation  of the Lowest Order Slow Wave Mode In  A Coaxial 
b ine F i l l e d  w ith  a M agnetized Plasma
Consider the guiding system shown in  F igure 20$ i t  i s  immersed in  a 
f i n i t e ,  D.C, a x ia l  magnetic f ie ld #  The slow wave approxim ation! may be 
used to  o b ta in  th e  fo llow ing  c o n d itio n a l equation  f o r  th e  p ropagation  of 
the  low est o rd er slow wave mode along the guid ing  system,
K (p .A ). I  (A) -  K (A ). I  (p.A ) = 00V O O 0
where
,2
2
A a P ,  ^ (jJ 2____  UJ 2
r  z  1I- JL - J
 ^ UJ2 CJ2 J
Vand p ss '  a ,
>4 0  ;
O «a_ 3= i. S
U
The B r i l lo u in  diagram p re d ic te d  "by th i s  equation  i s  shown in  
F igure 21 f o r  p = 2, and J> = 4* This B r il lo u in  diagram i s  v e r y  s im ila r  
to  those p e r ta in in g  to  c i r c u la r  wave guides co n ta in in g  conventional 
magnetized plasm as, i . e .  plasmas w ith  only one su rfa c e . T riv e lp iece  
has dem onstrated th a t  whereas in  th e  absence of a B.C. magnetic f i e l d  
the  slow waves a re  su rface  waves, th e  slow waves g rad u a lly  change from 
being  surface  waves to  being  body wave3 as th e  magnitude of th e  B.C. 
magnetic f i e l d  i s  in c rea se d . This means th a t  when slow wave propagation  
along plasma columns in  the presence of an a x ia l  B.C. magnetic f i e l d  
i s  considered , th e  a c tu a l plasma su rfaces  a re  r e la t iv e ly  un im portant. 
Therefore a l l  guid ing  systems ten d  to  possess the same k ind  of B r il lo u in  
diagram. Reddish and F e r r a r i  I 96I  have shown th a t  the  a d d itio n  of 
e x tra  d ie le c t r ic  an n u li to  a guid ing  system* s cross*** se c tio n  only serves 
to  modify th e  B r i l lo u in  diagrams a  l i t t l e ,  i . e .  th e  low er pass«band 
tends to  be extended to  ju s t  above and a lthough  the  upper pass~band 
remains c o n s ta n t, the  p re c ise  shape of the  upper curve i s  s l ig h t ly  a l te r e d .  
Since t h i s  i s  th e  -case i t  would seem th a t  th e re  i s  l i t t l e  to  be gained 
from an in te n s iv e  study of m agnetized an n u la r plasm as, th e re fo re  th is  
aspect of slow wave p ropagation  was no t in v e s tig a te d  any f u r th e r .
I t  ^ io u ld  be n o tic ed  th a t  F igu re  21 a lso  in c lu d es  the  B r il lo u in  
diagram p re d ic te d  by the  ex ac t f i e l d  a n a ly s is ,  see Appendix I .  The f a c t  
th a t  the two B r i l lo u in  diagrams a re  in  such good agreement shows th a t  the
s lo w  w ave a p p r o x im a t io n  a p p l i e d  t h r o u g h o u t  t h i s  c h a p t e r  c a n  b e  v e r y  
a c c u r a t e  a t  m ic ro w a v e  f r e q u e n c i e s .
( o )  S lo w  Wave P r o p a g a t i o n  I n  A N on°T Jniform  A n n u la r  P la s m a
So f a r  t h e  a n a l y s i s  h a s  b e e n  c o n c e r n e d  w i t h  u n i f o r m  p l a s m a s ,  i . e .  
p la s m a s  p o s s e s s i n g  a  u n i f o r m  c h a r g e  d e n s i t y .  I n  t h i s  s e c t i o n  t h e  e f f e c t s  
o f  a  n o n - u n i f o r m  c h a r g e  d e n s i t y  o n  a  s lo w  w av e* s  B r i l l o u i n  d ia g ra m  a r e  
c o n s i d e r e d .  Now t h e  i n t r o d u c t i o n  o f  a  n o n « u n ifo r rn  p la s m a  i s  u n l i k e l y  
t o  c a u s e  a n y  d r a s t i c  a l t e r a t i o n  t o  t h e  s lo w  w av e* s  B r i l l o u i n  d ia g ra m , 
r a t h e r  vie w o u ld  e x p e c t  t h e  n o n « u n i f o r m i ty  t o  i n t r o d u c e  some s l i g h t  
m o d i f i c a t i o n .  T h e r e f o r e ,  o n ly  o n e  mode o f  p r o p a g a t i o n  f o r  o n e  p a r t i c u l a r  
g u i d i n g  s y s te m  w i l l  b e  c o n s i d e r e d .
T he mode c h o s e n  i s  t h e  s lo w  f o r w a r d  w ave w h ic h  p r o p a g a t e s  i n  t h e  
g u i d i n g  s y s te m  show n i n  F i g u r e  8 a .  B e f o r e ,  t h e  B r i l l o u i n  d ia g ra m  w as 
f o u n d ( i . e .  t h e  p ro b le m  w as s o l v e d )  w h i l e  c o n s i d e r i n g  t h e  p la s m a  t o  b e  
u n i f o r m ,  now t h e  p ro b le m  i s  c o m p l i c a t e d  a  l i t t l e  b y  c o n s i d e r i n g  t h e  p la s m a  
d e n s i t y  t o  h av e  a  p a r t i c u l a r  n o n - u n i f o r m  r a d i a l  d i s t r i b u t i o n .  I n  a l l  
o t h e r  r e s p e c t s  t h e  p ro b le m  i s  t h e  sa m e , t h e r e f o r e  a s  t h e  s o l u t i o n s  o f  
t h e  w ave e q u a t i o n  i n  t h e  d i e l e c t r i c  a n n u l i  a r e  u n a l t e r e d ,  t h e s e  s o l u t i o n s  
w i l l  n o t  b e  c o n s i d e r e d  i n  d e t a i l  a n d  w i l l  o n ly  b e  t a k e n  i n t o  a c c o u n t  i n  
t h e  b o u n d a r y  c o n d i t i o n s  f o r  t h e  p la s m a  r e g i o n .
T he p ro b le m  r e d u c e s  t o  o b t a i n i n g  t h e  B r i l l o u i n  d ia g ra m  p r e d i c t e d  b y  
s o l v i n g  t h e  w ave e q u a t i o n  s u b j e c t  t o  t h e  e x i s t i n g  b o u n d a r y  c o n d i t i o n s .
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There a re  two d i s t in c t  methods which may be employed to  f in d  th e ^ «  (3 
re la t io n s h ip :
(1) As in  the  uniform  plasma case , o b ta in  a s e r ie s  so lu tio n  
f o r  the wave equation  in  the  plasma reg io n , and then
apply the boundary con d itio n s  governing the  e lec tro -m ag n e tic  
f i e ld s .
( 2 ) Use the  p r in c ip le  of the v a r ia t io n  of param eters to  ob ta in  
an approxim ation to  t h e ^ «  p diagram.
I n i t i a l l y  the  f i r s t  method seems to  be the b e s t  as i t  i s  more 
c lo se ly  r e la te d  to  the  method su c c e ss fu lly  ap p lied  when uniform  plasmas 
were considered . However, as  i t s  f i r s t  o b jec tiv e  i t  seeks to  f in d  
s e r ie s  so lu tio n s  f o r  th e  e lectrom agnetic  f i e l d  components. Now i t  
t r a n s p ire s  th a t  th ese  s e r ie s  so lu tio n s  co n ta in  b o th  Wand (3 even a f t e r  
the  slow wave approxim ation has been a p p lie d , th e re fo re  a method of 
successive approxim ations would have to  be employed to  f in d  the  e igen  
values of (3 p e r ta in in g  to  each s p e c if ic  value o f W,
The second method makes no r e a l  a ttem pt to  f in d  th e  exact f i e l d  
p r o f i l e s ,  the  method i s  so fo im ila te d  th a t  the  f i e l d  p r o f i le s  a re  of 
secondary im portance w ith  re sp e c t to  th e  eigen  v a lu es of (3 p e r ta in in g  to  
each value of
The second method was employed because i t  was found to  be more 
convenient.
The S o lu tio n  Of The Problem By The Second Method
F i r s t  the wave equation  w ith in  a d ie le c t r ic  po ssessin g  a non-uniform
p e rm it t iv i ty  must be deduced. For the sp e c if ic  a p p lic a tio n  considered
here the  p e rm it t iv i ty  may be considered  to  be a fu n c tio n  of r  only .
As before  we may assume th a t  may be w r itte n  asx . z .
E • e * ^ *  e * ^ 2. and s ince  a p a r t ic u la r  p ropagating  mode i s  considered
z  ,/>
we may a lso  assume th a t  H ) H , B ,  and ~ — are  zero .
z r  © *9
Then from M axw ell^ E quations,
a «
4r Br = ^ z       (5)
-5.f3.Er ~ ~ | ; S z = . . . ............................................... ( 6 )
j.p .H e a  j.W .e .  . . . . . . .  (7 )
and
~  ( r ^ )  = r . j . « . « . Bz . . .  . . .      (8)
S u b s titu te  f o r  H in to  (8 ) from (7 )
then
d /  r.W ,€# f \  ,
i r r f  7 “ r -3 .w. f .E z . . . . . .  ( 9)
S u b s titu te  f o r  K  in to  ( 6 ) from (7)
then
i L -  - p  i  a  q  £
d r “*z = + a * r
= j  ^ f ± i  £ ... ] .  E
P
_  r  j« s  t  i dsE = [ 2« »
r  d r
S u b s titu te  f o r  Er  in  equation  (9)
Applying th e  slow wave approxim ation and w ritin g  R fo r  we o b ta in ,
-A - ( e  . x  -  P2 .t .r *  R = 0 . . .  . . .  . . .  . . .  ( 10)
d r V dr J
Equation (10) i s  th e  re le v a n t wave equation*
Let (3q be an approxim ation to  (3 
where {3^
,* .  i ( f . r .  . f  , r .  R = 0a r  o
d r “ ) -  fl? . f . r . R  = (X- l ) .p ^ .< .  r .  R.
M ultip ly  through by R .dr and in te g ra te  across  th e  plasma reg io n , 
r  = r^  to  r  = r^
i . e .  ( V l )  = I '  ( f *r - f  > "  P o - ^ - S 2] a*7^ 7 : ....
J .r .R  dr
r l
Row f3Q =s 0 when (V*l) = 0
i , e .  when the  num erator o f equation  ( l l )  i s  m inim ised.
Let I  re p re se n t th e  num erator of equation  ( l l )  
then r 2
1 f  tE -a ?  (? ' r * I f  > "  po*6 , r * d rr
dRd r
r n * r  r = r .1 1 aX
.2 ,:«r« . cLb
r = r 2
[ R ? f . .  ,  dR.1 
R  d r j
The boundary co n d itio n s  imposed on R a t  r= r^  and r  =* r^  a re ;
cljR,(1) e .  i s  continuous, from the  c o n tin u ity  of
(2 ) R i s  con tinuous, from th e  c o n tin u ity  of E 
. 6  dRx .e ,  i s  continuous,xt d r
r “r l
7 1  dgJ r
and „ * J = Z9 fv H d r  /  3.  B
where 6 ^ , a re  the  p e r m it t iv i t ie s  o f the  d ie le c t r ic  an n u li p re sen t 
in  the  gu id ing  system* and may be c a lc u la te d  from th e  known 
so lu tio n s  fo r  B in  th ese  d ie le c t r ic  a n n u li . Let £_= €_
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'*i /  d R  \  2
• *• I  = **/ € . r w  ^—  JJ[h j  € . r . ( R ) ^ d r  + [ r ] ^  ^ *r 2 # ^ l f B
-[R ] 2 . r x e i  f A
7  r2 /Let x = r .  and ' r .  = p1  1 *
/dR \2  ^ ^
. M =  - j  x ,£ .  fdx J ,dx x .* # [r]  dx.+ [ r ]  «r2 ^Lf B
~  ^R^X=:l#ri ei f A
For {3q to  be a good approxim ation to  I  has to  be minimised#
A very  convenient way of doing th i s  i s  an ex tension  of th e  method used 
by Kino and Jha (1963).
R has to  be chosen so th a t  I  i s  a minimum, n o tic in g  th a t  both 
in te g ra ls  extend over th e  range 1 to  p , we may use th e  Gramme-Sehrni t  
o rthonorm alizing  p rocess to  se t-u p  a s e t  o f fu n c tio n s  which a re  orthonorm al 
over th e  range 1 to  p w ith  a  weight fu n c tio n  x . Then R,C, [ r ] 2 and
dR p
[■jj—I may be expressed as a l in e a r  sum of th ese  orthonorm al fu n c tio n s .
Let th e  orthonorm al s e t  of fu n c tio n s  be . . . .  e tc .
where 0  i s  a co n s tan t o
K  = y j*  + y0
^2 = y2z2 + yl~ + yo
j  11 3 11 2 11 11JZ>5 = y^ X  + y2 X  + Jx X  + y Q
e tc .
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where th e  y !s a re  known number^.*
Then R = a 0  + a. 0- 4- a0 jZL + a ,  0„ . . . ,
0 0 1 1 2 2 3 3
where the  a*s a re  numbers.
Also two p ro p e r tie s  of th e  0 fu n c tio n s  a re ,
0 # 0 = 2  b $ where e n+mn m e e e
ajzf a$
and —~  -  *£ b 0 where p ^ m+h-2
dx dx ^ ^ ^
th e re fo re  we can a lso  express [n ] 2 and i 31 terms of th e  0 fu n c tio n s .
Also s ince  ^ ( r #^ )  i s  a known fu n c tio n  of r  i t , t o o ,  may be
expressed in  terms of th e  0 fu n o tio n s .
r* dlh ^  rTherefore by exp ressing  L'JjrJ * L^J an& 2  terms of th e
0  fu n c tio n s , I  may be c a lc u la te d  in  terms of aQ, a^ , a^, a^ , e tc .
A ll th e  in te g ra ls  involved  in  the  c a lc u la tio n  o f I  a re  sim ple because the  
c ro ss  p roducts between th e  0  fu n c tio n s  in te g ra te  to  zero , only in te g ra ls  
of th e  form f^ 0  . 0 x .dx  = 1 rem ain.
h  p p
• I t  i s  s t i l l  necessary  to  minimise I  w ith  re sp e c t to  R ( i . e .
\ b I^ * r , t fca ,a _ ,a p,a  . . .  e t c . ; .  This i s  done by s e t t i n g ^ — to  zero .
* ap
This o p era tio n  y ie ld s  a system of l in e a r  equations in  the co n stan ts
a , an . a ^ .a , . , . . .  . e t c .  which when solved enable th e  fu n c tio n  R to  be 0 . 1 2 3
found e x a c tly . However, we a re  no t s p e c i f ic a l ly  in te re s te d  in  the
th e  f i r s t  approxim ation assumes th a t  R = aQ 0^9 th e  second
th a t  R = a 0  + a_ 0 - ;  e t c . o o 1 1
Rote -
exact p r o f i l e  of th e  lo n g itu d in a l e le c t r i c  f i e ld  as rep resen ted  hy R, so the  ! 1
; fl f
p re c ise  values of the  co n s tan ts  aQ, a^, ap , a^ , e tc ,  a re  n o t o f i n t e r e s t ,  ![
However, s e t t in g  th e  determinant* o f the s e t  of sim ultaneous equations to  jj
i [
zero y ie ld s  a c o n d itio n a l equation  r e l a t i n g ^  and p . j|
I
C alcu la tio n s  ; |
i I
i f ' :
p was s e t ;  equal to  2 and was s e t  equal to  e^, so the  B r i l lo u in  |?j
diagram fo r  a slow wave p ropagating  along a co ax ia l system, the  f i l l i n g  of
which co n s is ted  of two d ie le c t r ic  an n u li (e . „ = e ) ,  and a non-uniform  ;il , 3 » o
annular plasma was in v e s tig a te d , see F igure 8 , a , r^  = b , r^  = c . !;■
The exact s o lu tio n  was c a lc u la te d  fo r  a uniform  plasma and the  !A
f i r s t ,  second, and th i rd  v a r ia t io n a l  approxim ations were compared w ith
' 11
the  exact s o lu tio n , as may be seen from F igure 22, the  th i rd  approxim ation to
th e  norm alized B r i l lo u in  diagram i s  a very  good one. I t  was th e re fo re  ^
assumed th a t  th e  th i rd  approxim ation in  the  non-uniform  case would a lso  |
be q u ite  a c c u ra te .
Next the  v a r ia t io n a l  technique was ap p lied  to  the  system assuming
th e re  to  be a p a rab o lic  d is t r ib u t io n  o f charge d en s ity  ac ro ss  the  plasma
c ro ss -s e c tio n , see F igure 23, t h i s  lead s  to  the  p e rm it t iv i ty  of th e  plasma
being expressed a s :
e(r,**>) = e [ l -  — 4 ^  ]v o m
0 2 4
where N ( r )  = N [ l -
0 A ^
i . e .  p a rab o lic  d is t r ib u t io n  of charge, apex of parabola*  a t  mean rad iu s  r  - , c .
* Note The p a ra b o lic  d is t r ib u t io n  o f charge d e n s ity  was chosen 4
because i t  was thought th a t  experim ental plasmas would e x h ib it  
the  same k ind  of charge d is t r ib u t io n .  [;
e x a c t
12 1*8 2*4
Fig. 2  ?
n (  r )
i f  f l f l P t f  O  <r £  i - G C T  A 6 / \ l  A / u r t l 3 G &  ?:■
A  T  A A p t u s .
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A i s  a shape f a c to r  governing the  r a t io  between th e  maximum charge 
d en s ity  in  the plasma and th e  charge d e n s ity  a t  th e  edge of the  plasma 
region*
€ has to  be expressed in  terms of th e  0  fu n c tio n s .
Let o ' = e/ r x = 3/ 2 - 
B = Vr-j_ 
and A = V b = ^ A .
.*« fo llow ing  th e  n o ta tio n  used above.
£  U , u )  =  e  [ 1- ____
m*<ur«
e2 .H0.x2
f  + fo o
e?ll_2e ' .x  & H 0 .(<5'')2
 p—---- -a— + ------‘"" o-----------J
m*«t B m*(*>* £ *B^o* o
f  (x ,< J) = 6 j l  -  ^ p o  i + ^PO .
-  oj2 B 1 I P B‘
where 6J J j Z a
-5  “2
_ % o _  .
( i)2 B2
po m
,1
, the  maximum value o f plasma angular 
frequency p re sen t in  th e  system*
Let
A
V z + ei
o2 . i 2 + ^  x + e2
^2 _ d2 j
S c d * HL2 *2 1
, + f dl . e2
L c2dr e0
i
and x
A
d- e ! •  0
-5 2 -
2S u b s titu te  fo r  x, and x in  the  expression  fo r  € . 
i . e .  f ( s , u j )  = f  [® + K . L J 2 -  K .I$  + K.E.jrf ]
where
< i -  ^ > 1( J 2
2U) B
d = Va [ %  + *.<,']
J. c -
B = d2 *el  "  dl . e2 + § V ° 2
ai* ° 2L*s o
L = Vo
2
This expression  fo r  t  was then  used in  the exp ression  fo r  I  when 
[E]2. [ § ] 2 and x were expanded in  terms of the  $ fu n c tio n s .
In  F igure 24, the  th i rd  approxim ations fo r  th e  uniform  and
non-uniform plasmas a re  compared, TheW-{3 curves a re  norm alized w ith
re sp ec t to  W , the  ro o t mean square value of U) , th i s  was obtained  by 
P P
c a lc u la tin g  6> from the  average va lue  of the  d en s ity  number N, see 
P
Appendix II*
Prom F igure 24, i t  may be seen th a t  the  in tro d u c tio n  of a non-uniform  
plasma causes the  p ropagation  c h a r a c te r is t ic s  of th e  slow wave to  be 
s l ig h t ly  m odified , i , e ,  a lthough the  norm alized B r il lo u in  diagram m ain tains 
i t s  g en era l shape i t  in d ic a te s  th a t  fo r  sm all va lues of {3 th e  p ropagation
Fig
. X 
4
cO
i s  governed by th e  average value of w hile fo r  la rg e  va lu es  of (3
th e  p ropagation  i s  governed by the  sm alle r values o f UJ .
P
Appendix I I  co n ta in s  th e  ev a lu a tio n  of W and a model s o lu tio n  of
P
the  problem fo r  th e  non-uniform  plasm a, th e  th i rd  approxim ation i s  
considered#
The T h e o re tica l In v e s tig a tio n  of the P ropagation  of the
Lowest Order F a s t Wave Mode in  a Coaxial Line C ontaining 
an A nnular Plasma
As in  C hapter I ,  only the low est o rd e r, c i r c u la r ly  symmetric, mode 
w il l .b e  in v e s tig a te d .
The slow wave p ropagation  takes p lace  due to  the motion of the 
plasma e le c tro n s ,  however, the  f a s t  wave p ropagation  would take p lace 
in  the absence of the plasm a, i . e .  whereas the plasma i s  e s s e n t ia l  to  
the slow wave p ropagation  i t  m erely a f f e c ts  the  f a s t  wave p ropagation .
For th is  reason the f a s t  waves tend  to  be le s s  in te r e s t in g  than the slow 
waves. However, th is  does no t d e tra c t  from th e i r  im portance, one g re a t 
v ir tu e  of the f a s t  waves i s  th a t  they c u t-o f f  a t  the plasma frequency 
thereby enab ling  measurements to  be made very  c lo se  to  th i s  frequency.
The f i e l d  a n a ly s is  f o r  f a s t  wave p ropagation  may no t be s im p lif ie d  
by the a p p lic a tio n  of any th e o re t ic a l  approxim ations, th e re fo re  the 
B r illo u in  diagrams p re d ic te d  by the f i e l d  a n a ly s is  may only be ob tained  
w ith  the a id  of a computer. Hov/ever, i t  was p o ss ib le  to  b u ild  up a 
transm ission  l in e  model f o r  the p ropagation  of the low est o rd er f a s t  wave 
mode, th i s  model was ab le  to  p re d ic t  q u ite  accu ra te  approxim ations to  
the f a s t  w aves*B rillouin  diagram s. The tran sm iss io n  l in e  technique i s  
described  in  d e ta i l  l a t e r  in  th i s  ch ap te r.
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(a) The P ropagation  of the Lowest Order F ast Wave Mode 
In  the  Absence of a B.C. Magnetic F ie ld
As in  th e  slow wave case , the  theory  fo r  one guid ing  system only 
w il l  be reproduced s in ce  noth ing  i s  gained by reproducing the  f i e ld  
theory  fo r  each sep a ra te  guid ing  system which was in v e s tig a te d . The 
guid ing  system chosen as the example i s  shown in  F igure 25#
Consider the low est o rder propagating  mode, i . e . :
d , and H o .—— 1 z = u.
d ©
The wave equation  fo r  E i s
r  d.E 2 2 k r S  = 0z z + z
dr'2 dr
where k^ = € -0^
z
annu li a re  given as:
. ' .  E = A .J (k r) + B.N (k r)
Z  0  o
Therefore the  E and f ie ld s  in  each of the  th re e  d ie le c t r ic   Q
E = C .I (k^r) + D.K (k 0r )  : b ^  r  ^c : H. z2 o 2 o 2 <
E -  =E.J (k  r )  + F.N ( k .r )  : z3 ov 1 o 1
where k^ = 6?p.
2 2 2 k2 = p -  & \&2
c ^  r  ^d  : Hq =
3
i . e .  the  second d ie le c t r ic  i s  a plasma
FlCrURS.
8-
Apply the electrom agnetic  f i e l d s 1 boundary co n d itio n s .
C o n tin u ity 'of E y ie ld s ,
A .J0(fcLb) + B.NQ( t Lb) = C.X0(k2b) + I . K j k b )  ................  ( l )
C .I (lc c) + D.K (k o) = B .J (k_o) + F.N (k o) ........................................ (2)o <L ' o 2 u 1 o l
T angentia l e l e c t r i c  f i e l d  must be zero a t  conducting su rface ,
• • A*J (k a) ~ r=’ B.N (k a) •«« ••• • ••  • ••  (3)o l  o l
E• (k^d) s  ■* 5**N (k^d) •••  *«• •••  (4)
C on tinu ity  of H0 y ie ld s .
ej, (A .J ' ( k b )  + B . N '- ^ b ) )  = . £ 2  (C.Xo(k2^) + D .k ' ( k b ) ) . . .  . . .  (5)
lc k
1 2
“ 1 1  ( C . l ' . ^ o )  + d ; k '  (k c ) )  = eJ _  ( E . / ( k  o)  + F . n '  ( k  c ) ) . .  . . .  ( 6 )
k_ ® ^ lc 1 i
2 1
Equations ( l )  to  (6) may now be used to  y ie ld  the c o n d itio n a l 
equation .
Note;
j '  (x) = »Jx (x) j n ' ( x) =■- l i^ x )
I '  (*) = * ^ x )  > Ko ’W = "  K1^X)
From (3) and (4)
J 0(kxa)
E = -  No(kl a ) . F
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S u b s titu te  fo r  A in  equations ( l )  and ( 5 )
.* . J J k a ) [®0(k 1b ^  J 0(k 1a ) -  No(k1a ) . J 0(k1b)3=C .Io(3^t>+D.Eo(fc2b ).,(X )
B e . [-H  (k  b ) . J  (k  a) + N (k  a ) . J  (k  b )]
8 0 4  J o ( k 1 a )  t - - -
1 - e ?
[C .I^ k g b )  -  D .g ^k g b )] . . .  . . .  (5 )
Divide equation  ( l )  by equation  (5)
Ko(k1b ) . J o(k1a) -  Ho(k 1a ) . J o(k1b) _ O ^ k . - .b )  + Kn(k?b)_________
e ]^ ( K 1 ( l^ b ) .J o ( 3 ^ ^ o ( ^ f t ) . J 1 ( ^ b j y '  ~ e 2 . [c/D  I^ k g b )  -  ^ ( k g b ) ]
C/D I 0(k2b) + E0(k2b) e2 /k 2 [Ho(k 1b ) . J o(k1a)-Jfo(k1a ) . J o(k1b )]  p
CyD I^ k g b )  -  K ^ b )  e1 / k  t y ( k i r ) ”7 o(k1ay-Ilo(k1a ) . J 1 ( ^ b ) ]  Q
C, P .K .(k„b) + Q.K (k .b ) ( 7b* • /-Q — 1 2  0 2 ••• •••  •••  U /
P .I ^ k g b )  -  Q .Io(k2b)
S u b s titu te  fo r  E in  equations ( 2 ) and (6)
[N ( k .o ) .  J  (k .d )  -  J  (k .c ) .N  (k .d )]  = C .I (k .o ) + D.Kn( k „ e ) . . .  ( 2 )
T T k .  d ) 0 1  0 1  0 1  0 1  o 2 o 2o N 1 '
F ^ 1 /  ®
8113 [ - ^ ( ^ o ) .  J 0(k ,d )  + ^ ( ^ o j . i r ^ d ) ]  = / ^ [ ^ ( ^ c M - s ^ c )
0 1 (6)• I • # * • \^ /
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D iv id e  e q u a t i o n  ( 2 ) by e q u a t i o n  ( 6 )  *
^ ( ^ c ) .  j y ^ a ) -  Jn(k1o).Hn(k1d). _ . ° / )^I 0(k2b) + KQ(k2o)
®1 / k e 2 y ^ ( c/ D I ^ k g c )  -E^kgo)]
C/D I Q(k2o) + Ko(k2c) e 2/  [ ^ ( ^ 0 ) .  J ^ d )  -  j J k ^ . N ^ d ) ]  &
•  •  2  ■ *_  ...
 1 r ■ in -  — 1--------------------------------------- ,   r    Z Z  - - t  ■ l w l M i » r  —  —   mi i  « - r ~ nr  1- 1 -i - - 11  - r  n i '  - i  i   — 9* . * * * * *
C/j 1 , ^ )  - E ^ k g o )  e y  [ H ^ c ) .  J ^ d )  -  J1(k1o ) .» o(k1d)] S
1
C/ _ (kipc) + s.K (k-c) , v
• /  t> “  ----- 1 fe-------------—-Q---  —— • • • • ••  * • • » • « \0 /
E .I 1(k2o) -  S . I  (k2o)
Set equation  ( 7 ) equal to  equation  (8)
E.K1 (k2o) + S.Ko(k2c) P.K1(k2b) + Q.Ko(k2lj)
R . I ^ c )  -  S . I o(k2o) P .I ^ k g b )  -  Q-I0( \
* * < •••  •••  (9 )
where
e
P = /kgL^C^b). J / ^ a )  -  Ho(k1a ) .J Q(k1b)]
e
Q =  V k ^ I J ^ b ) .  J ^ a )  -  Ko(k1a ) . J 1(k1b )]
e
H =  2/ k 2[Ho(k l0 ) .  Jg C ^ d ) -  J ^ c J . H ^ d ) ]
es = Vk^H/^o). JgC^ d) - J^k^.N^d)]
Equation (9 ) i s  the  c o n d itio n a l equation  f o r  th e  p ropagation  o f the 
low est o rder f a s t  wave mode in  th e  guiding system* Figure 26 d isp lay s  
the  B r i l lo u in  diagram, p red ic te d  by equation  (9 )*
- 6 1 -
a /q.
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The B r il lo u in  diagram in d ic a te s  th a t  the f a s t  waves c u t-o f f  
when the o p era tin g  frequency equals the plasma frequency , i . e .  the 
c u t-o f f  frequency f o r  the low est o rd er f a s t  wave mode i s  the  plasma 
frequency.
The a n a ly s is  given above has been concerned w ith  u n ifo m  plasmas*
The a n a ly t ic a l  d i f f i c u l t i e s  brought about by the in tro d u c tio n  of a plasma 
w ith  a non-uniform e le c tro n  d e n s ity  a re  so g re a t th a t  i t  has no t been 
p o ss ib le  f o r  f a s t  wave p ropagation  through non-uniform annu lar plasmas 
to  be in v e s tig a te d  by the f i e l d  a n a ly s is .  However, the  tran sm iss io n  
l in e  technique d escrib ed  below i s  ab le  to  p re d ic t  an approximate B r il lo u in  
diagram f o r  th e  p ropagation  of the  low est o rd er f a s t  wave mode in  a 
co ax ia l l in e  co n ta in in g  a .non-uniform annu lar plasm a.
o > ) \  F as t Wave Propagation  In  A Coaxial Line In  The Presence 
of An A xial P.O . Magnetic F ie ld
The a p p lic a tio n  of an a x ia l  d .c .  magnetic f i e l d  to  a c o ax ia l l in e  
con ta in ing  a plasma/'; annulus causes the  th e o re t ic a l  in v e s tig a tio n  to  become 
com plicated sin ce  th e  magnetic f i e l d  causes the  low est o rder mode of 
propagation  to  become an a x ia l ly  symmetric hybrid  mode*
Suhl and W alker [1954] have th e o r e t ic a l ly  in v e s tig a te d  the  p ropagation  
of f a s t  e lectrom agnetic  waves along c i r c u la r  wave guides con ta in ing  
magnetized plasmas* In  Appendix I  the  b as ic  a n a ly s is  of Suhl and Walker
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i s  extended to  include bo th  f a s t  and slow ?;ave p ropagation  in  co ax ia l
l in e s .  tfhe co n d itio n a l equation  i s  derived  f o r  the low est o rder f a s t
wave mode which propagates in  the guiding system shown in  F igure 20.
The c o n d i t i o n a l  e q u a t i o n  i s  v e r y  c o m p le x  a n d  c o n t a i n s  a  g r e a t
many terms which have to  be p re c is e ly  d e fin ed , th e re fo re  s ince  the
d e r iv a tio n  of the  co n d itio n a l equation  i s  included  in  Appendix I  the
co n d itio n a l equation  w i l l  no t be rep ea ted  here .
The B r i l l o u i n  d ia g ra m s  p r e d i c t e d ,  b y  t h e  f i e l d  t h e o r y  a r e  show n i n
Figures 27 and 28, one B r i l lo u in  diagram lias 0) as a param eter, the
o t h e r  * I t  may b e  s e e n  t h a t  a l t h o u g h  t h e  a p p l i c a t i o n  o f  a n  a x i a l
d .c . magnetic- f i e l d  in tro d u ces  a g rea t dea l of e x tra  com plication  in to
the th e o re t ic a l  work, the only e f f e c t  as f a r  as the B r il lo u in  diagram
i s  concerned i s  to  change th e  f a s t  waves c u t-o f f  angu lar frequency from 
2 Z . i
to) to  ( )  . Now t h i s ,  a lthough  being  of i n t e r e s t ,  i s  no t a  
d ra s t ic  a l t e r a t io n  to  the B r il lo u in  diagram and so i t  was decided no t 
to  in v e s tig a te  more complex guiding systems con ta in ing  m agnetized 
annu lar plasm as. Besides, the  tran sm iss io n  l in e  technique described  
below i s  ab le  to  p re d ic t  accu ra te  approxim ations to  the B r illo u in  
diagrams f o r  the propagation  of the  low est o rder f a s t  wave mode along a  
coax ia l l in e  co n ta in in g  a  m agnetized plasm a.
z-'
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( o )  T r a n s m is s io n  L in e  T e c h n iq u e s
I t  i s  a w ell known f a c t  th a t  the p ropagation  o f a T.E.M. wave 
in  a co ax ia l l in e  uniform ly f i l l e d  w ith  a s in g le , simple d ie le c t r ic  i s  
e n t i r e ly  eq u iv a len t to  p ropagation  along a tran sm iss io n  l in e  which i s  
composed of a d is t r ib u te d  s e r ie s  inductance and a d is t r ib u te d  shunt 
cap ac itan ce , the  p re c ise  va lu es  of the inductance and capacitance  being 
found by apply ing  m agnetosta tic  and e le c t r o s t a t i c  analyses to  the  co ax ia l 
lin e*  An in v e s tig a tio n  was c a r r ie d  out to  see i f  a s im ila r  transm ission  
l in e  technique could  be employed to  p re d ic t  the  B r il lo u in  diagram p e r ta in in g  
to  the p ropagation  of the low est o rd er mode along a composite co ax ia l l i n e .  
I t  was thought th a t  th i s  approach could le a d  to  the  in v e s t ig a t io n  of f a s t  
wave p ropagation  in  non-uniform annu lar plasm as.
T ra n sm iss io n lin e  2e£hni£ues^A £plied_to a S p ec if ic  G-uiding System
The gu id ing  system shown in  F igure 8a w i l l  be considered  since 
th i s  guiding system has been in v e s tig a te d  by the  f i e l d  a n a ly s is  f o r  b o th  
f a s t  and slow wave p ropagation  in  the  low est o rd er mode. We s h a ll  
assume i n i t i a l l y  th a t  a tran sm iss io n  l in e  o f the  form shown in  F igure 29 
i s  eq u iv a len t to  the  guid ing  system , a l s o ,  s ince  none of th e  d ie le c t r ic  
reg ions have p e rm e a b ilit ie s  d if f e r in g  from \±0 , we may assume th a t  the 
s e r ie s  inductance has the  same value in  t h i s  case as i t  would have i f  a 
simple co a x ia l l in e  were co n sid e red . However, the  value of the  shunt
— 6)*7v
------ ' W I m n ------ .------ i^ryiirrrc>— ■ »
_
-------^ n m n r -------
_  _
c ~c ”c *
FlUUMi (xty
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capacitance  has to  be re c a lc u la te d , th is  i s  done by applying e le c t r o s ta t i c  
p r in c ip le s
Consider F igure 8a, the  shunt capacitance  p e r u n i t  len g th  may be 
found by assuming th a t  th e re  i s  a charge q per u n i t  len g th  on the  in n e r 
conductor.
Let E^, Eg,1 E^, be th e  r a d ia l  e le c t r i c  f ie ld s  in  th e  in n e r g la ss  
reg io n , th e  plasma reg io n , and th e  o u te r g la ss  reg ion  re sp e c tiv e ly ; 
then:
E . «  ------  ; E2 ~ - 2—  J E a  - S —
2.7t.r.€ .j 2 ,f t .r .  ^  ^ E .r c .r .^
where , and a re  the  p e rm ittiv itie s  of the  g la ss  and plasma 
reg ions re sp e c tiv e ly .
Let V be th e  t o t a l  p o te n t ia l  d iffe ren ce  between th e  two conductors, 
then :
7 = 1  ^ d r _ + / q a r + f q. ^
c i
. / * . .  .
2 ^ . € l# r  b 2.% .e2 . r  c 2 .rc.€1. r
*1 "*»d / a
f l o g ( V a )  + i o g ( ° / b )  + lo i ( - / c)
2k 6 2 € 1
Now C, th e  shunt cap acitance  p er u n i t  len g th  =
2%
( 4 j . l o g  ( ~ r )  + ( / € 2)*iog (% > )I a , *  C
I t  may e a s i ly  be shown th a t  L, the  s e r ie s  inductance per u n i t  len g th , 
has the same value as i t  would have i f  the  co ax ia l l in e  were f i l l e d  w ith  
f re e  space.
I t  fo llow s from g en era l tran sm iss io n  l in e  th eo ry  th a t ,
2 2 0 =OT.L.C.
-2 2 T n C• * p — CO C • pO \j 0
where Cq i s  the  capacitance  per u n it  len g th  of the  c o a s ia l l in e
when f i l l e d  w ith  f re e  space.
2 k
i . e .  C'o ( 1 /e Q) . lo g  ( d )
a
2 2 ( V 6 ) . l o g f l )  I
r  = W ,L.Co 0 a _______________________ . . . .  ( l )  |
( 1 /S > ‘ l 0 ® ( i i f >  + ( 1 /e 2 ) - l o s ( f - )  |
The norm alized B r il lo u in  diagram p red ic ted  by equation  ( i )  i s  shown jv
1 0 /  ■in  F igure 30 fo ra ) = 3.10 r a d ia n s /s e c . ,  a lso  included  i s  the  corresponding t
p |i:
B r il lo u in  diagram p re d ic te d  by the  f i e ld  a n a ly s is .  I t  i s  im m ediately |
apparent th a t  the  tran sm iss io n  l in e  technique f a i l s  q u ite  badly  fo r  |
frequencies  below th e  plasma frequency, i . e .  only one ro o t i s  p re d ic te d . 1
However, fo r  freq u en c ies  above th e  plasma frequency the  norm alized B r il lo u in  
diagrams p red ic te d  by th e  two d i f f e r e n t  approaches a re  in  good agreement 
although they do tend  to  d iverge s l ig h t ly  as th e  o p era tin g  frequency in c re a se s .
To in v e s t ig a te  the  reasons f o r  th e  breakdown o f the  tran sm iss io n  l in e
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technique we have to  re-exam ine the  underly ing  assumptions which have been 
made as the  b a s is  fo r  the work.
The f i r s t  i n t r i n s i c  assum ption was th a t  the  values of the  tran sm iss io n  
l in e  param eters were c a lc u la ta b le  from m agnetosta tic  and e le c t r o s ta t i c  
p r in c ip le s ,  th i s  would only be tru e  i f  the  electrom agnetic  f i e ld  d is tr ib u tio n s  
were p re d ic ta b le  v ia  s t a t i c  f i e ld  p rin c ip le s#  In  the  case of the  guiding 
sjrstem shown in  F igure 8a th is  i s  no t so , th e re fo re  the  tran sm iss io n  l in e  
param eters may no t be c a lc u la te d  by considering  s t a t i c  f i e ld s .  This i s
an u n fo rtu n a te  s ta t e  of a f f a i r s  s in ce  the  s t a t i c  f ie ld s  method i s  the
only convenient way o f c a lc u la tin g  the  va lues of th e  tran sm iss io n  l i n e fs 
r e a c tiv e  components.
Another erroneous assum ption has been made in  th e  work. A sim ple 
tran sm iss io n  l in e  of th e  form shown in  F igure 29 i s  only ap p lic ab le  to  
gu id ing  systems which support a T.E.M. wave, however, th e  guid ing  system 
shown in  F igure 8a does no t support a T.E.M. wave, the low est o rder mode 
of p ropagation  has a lo n g itu d in a l component of e le c t r i c  f i e ld .  This
e x tra  e le c t r i c  f i e ld  component has no t been included  in  th e  tran sm iss io n
l in e  a n a ly s is .  One way of p a r t i a l l y  tak in g  th e  e x tra  e le c t r i c  f i e ld  
component in to  account i s  to  re -d e s ig n  the  tran sm iss io n  l in e  s l ig h t ly  by 
in c lu d in g  a capacitance  in  s e r ie s  w ith  th e  s e r ie s  inductance, see F igure 31* 
There i s  no method a v a ila b le  which would enable th e  value of th is  e x tra  
capacitance  to  be found. T herefore we may no t know which of the  two
re a c tiv e  components in  the  s e r ie s  arm of the  tran sm iss io n  l in e  has the  
g re a te r  e f f e c t .
Since the  sim ple tran sm iss io n  l in e  of F igure 29 i s  ab le  to  p re d ic t
a f a i r l y  accu ra te  B r il lo u in  diagram fo r  f a s t  wave p ropagation , we may
assume th a t  the  e x tra  s e r ie s  capacitance  has only a s l ig h t  e f f e c t  fo r
f a s t  wave p ropagation . However, fo r  the improved transm ission  l in e
to  p re d ic t a B r i l lo u in  diagram in  q u a l i ta t iv e  agreement w ith the  slow
wave theory  the inductance term in  th e  s e r ie s  arm of th e  tran sm iss io n
l in e  has to  be igno red . This i s  somewhat ak in  to  assuming th a t  the  
*
a .c .  magnetic f ie ld s  a re  much sm aller than the a .c .  e le c t r i c  f i e ld s .
I t  i s  in te r e s t in g  to  note th a t  the  slow wave approxim ation a lso  im plies 
th a t  th e  a .c .  m agnetic f ie ld s  a re  much sm alle r than  th e  a .c .  e le c t r i c  
f i e ld s .
Therefore we may conclude th a t  i t  i s  p o ss ib le  to  c o n s tru c t a 
tran sm iss io n  l in e  to  re p re se n t th e  p ropagation  of the  low est o rder f a s t  
wave mode q u ite  a c c u ra te ly , however the  tran sm iss io n  l in e  technique may 
only be used q u a l i ta t iv e ly  fo r  th e  slow wave p ropagation . This leads 
to  th e  conclusion  th a t  slow wave propagation  i s  a d if f e r e n t  phenomenon 
from f a s t  wave p ropagation . This conclusion  was a lso  reached in  
Chapter I  bjr co n sid e rin g  th e  slow wave B r i l lo u in  diagram s. I t  i s  
worthwhile n o tin g  here th a t  T riv e lp iece  was a lso  ab le  to  c o n s tru c t a 
tran sm iss io n  l in e  capable of q u a n t i t a t i v e l y  p re d ic tin g  the slow wave
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behaviour. Although he based h is  working on d i f f e r e n t  hypotheses the  
two tran sm iss io n  l in e  models are  se n s ib ly  the  same, 
hon-uniform  Plasmas
I t  has been shown th a t  th e  tran sm iss io n  l in e  technique may be
0
used to  p re d ic t  an apprix^mate B r i l lo u in  diagram fo r  the  low est o rder
f a s t  wave mode in  a co ax ia l l in e ,  when uniform  plasmas a re  considered .
Therefore , an attem pt w il l  now be made to  extend the  theory  to  include
non-uniform  plasm as. Since the  sim ple transm ission  l in e  which does no t
in c lu d e  the  e x tra  capac itance  p re d ic ts  f a s t  wave B r i l lo u in  diagrams q u ite
ea c c u ra te ly , we s h a l l  emply i t  h e re . However, in  th is  case the  value of
the  shunt r e a c tiv e  element has to  be r e -c a lc u la te d , assuming the  plasma 
to  have a p a r t ic u la r  non-uniform  e le c tro n  d e n s ity .
The r a d ia l  d is t r ib u t io n  of th e  e le c tro n  d en s ity  considered  i s  shown 
in  F igure 23, Chapter I .  The eq u iv a len t plasma p e rm itiv ity  may be 
taken a s ,
a l l  th e  symbols a re  as defined  in  Chapter I .
In  th is  s e c tio n  the  non-uniform  plasma i s  considered  to  com pletely 
f i l l  th e  co ax ia l l in e ,  however, in  Chapter IV the  p r in c ip le  i s  ap p lied  
to  a co ax ia l l in e  which a lso  co n ta in s  g la ss  w a lls .
Only the  f a s t  wave, p ropagation  i s  considered .
- 7 4 - -
The valu© of th e  shunt cap ac itan ce , i s  : 
2%
2 dr
r . e
where r .  and r~ a re  the r a d i i  of the  1 2
in n e r and o u te r conductors re sp ec tiv e ly *
Let K, = 1 -  1
0)2
200
A 2  2A oo
w
CO = v e lo c ity  of l i g h t  in  vacuo.
o
then
dr
r .€ .
dr
= B lo g  ( ~~ ) -  i  log  
1
€ o .r*[K 1+K2( r - c )  ]
K K  ( r Q- c Y 
1+ 2 2 
K^+ K2( r r c )2
+ C IE K
2 2, ~2 „2 CHow = oo^L Cq. “ * = 2 q2 C2
lo g  (■— )
B J^log f f l )  -  i  log K^h- K ^ - c)2"
I ^ + K ^ - c ) 2- 1
ta nc)tan
-1
f r ° ^ |
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however, ( r Q-c )  = + ( e - r . )
( 3 )
The B r i l lo u in  diagram p red ic te d  by equation  shown in  F igure 32, 
i s  most in te r e s t in g  s in ce  i t  shows th a t  th e  low est o rder f a s t  wave mode 
c u ts -o f f  a t  o)-(x) $ i . e .  the  f a s t  waves do no t propagate a t  freq u en c ies
below the  maximum value of plasma frequency p re sen t in  the system , A
p h y s ica l in te r p r e ta t io n  o f th i s  f a c t  i s  th a t  in  e f f e c t  a p e r fe c t ly  
conducting su rface  i s  in troduced  in  the  plasma reg io n  which " sh o r ts -o u t1* 
th e  electrom agnetic  waves.
F igure 32 shows the  B r i l lo u in  diagram fo r  a non-uniform  plasma on a 
g r id  formed by uniform  plasma B r i l lo u in  diagram s.
Magnetized Plasmas
The tran sm iss io n  l in e  technique has been used to  p re d ic t approximate
B r i l lo u in  diagrams fo r  th e  p ropagation  of the  low est o rder modes ( f a s t  and
slow waves) in  a c o a x ia l l in e  f i l l e d  w ith  a uniform , m agnetized plasma,
the  gu id ing  system i s  shown in  F igure 20,
The improved tran sm iss io n  l in e  may be employed to  p re d ic t a B r il lo u in
diagram in  q u a l i ta t iv e  agreement w ith  th e  f i e ld  a n a ly s is  f o r  slow waves
( f \  f  ) i f  th e  s e r ie s  inductance i s  igno red . The sim ple tran sm iss io n  
P
l in e  i s  q u ite  adequate fo r  f a s t  wave p ropagation , in  f a c t  i t  p re d ic ts
P .o
/ I f i l U Q U f t f  ’p / / ) ( f t A r n S  f o i l  A  C O /? i1 ( 4 *  A / ! ^ f
C O h P L £ T .T £ l .Y  F / L L B ) *  V / i T H , a )  A  W l F O t t t  P J . A S f t / t  —
b) A NoiOUNIFOa/t PL&nA
to
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a B r illo u in  diagram which i s  in  such good agreement w ith  the  f i e l d  
a n a ly s is  th a t  the two B r il lo u in  diagrams (tran sm issio n  l in e  and f i e ld  
a n a ly s is )  a re  in d is tin g u ish a b le  when p lo t te d  on the  same graph, and so 
the  B r illo u in  diagrams a re  shown as sep ara te  graphs, F igures 28 and 33*
Conclusion
I t  has been shown th a t  the tran sm iss io n  l in e  tecSmique i s  a u se fu l 
q u a li ta t iv e  to o l ,  which i s  ab le  to  p re d ic t  q u ite  accu ra te  approxim ations 
to  the B r il lo u in  diagrams p e r ta in in g  to  the p ropagation  of the low est 
o rder f a s t  wave mode in  a co ax ia l l i n e .  However, the  r e s u l ts  ob ta ined  
by the use of tran sm iss io n  l in e  techniques should al?/ays be regarded  a 
l i t t l e  s c e p t ic a l ly  since the  whole approach f la g ra n t ly  d isreg a rd s  the 
a c tu a l  e lec trom agnetic  f i e l d  c o n fig u ra tio n s . As an example of th i s  
consider the  p ropagation  of e lectrom agnetic  waves along a co ax ia l l in e  
com pletely f i l l e d  w ith  a  uniform , m agnetized plasm a. The tran sm iss io n  l in e  
technique i s  ab le  to  p re d ic t  an extrem ely accu ra te  approxim ation to  the  
B r il lo u in  diagram of the low est o rd er f a s t  wave mode which propagates in  
the system by a ssu rin g  i t  tobaaT -S .M . niode, y e t the exact f i e l d  a n a ly s is  
in d ic a te s  th a t  th e  low est o rd er f a s t  wave mode must possess lo n g itu d in a l 
components of b o th  e l e c t r i c  and magnetic f ie ld s !
I t  has been shown th a t  the  tran sm iss io n  l in e  technique may only be 
used q u a l i ta t iv e ly  f o r  the slow wave p ro p ag a tio n . Thus, the p ropagation
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of slow waves along plasma columns may be in v e s tig a te d  by the  a p p lic a tio n  
of the aLow wave approxim ation, and approxim ations to  the B r il lo u in  
diagrams p e r ta in in g  to  th e  p ropagation  of the  low est o rd er f a s t  wave mode 
along a co ax ia l l i n e ,  may be ob tained  by apply ing  tran sm iss io n  l in e  
techniques*
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C H A P T E R  I I I
F a s t Wave propagation  In  A C irc u la r  Wave G-uide 
F i l le d  17ith A Discharge Tube
Although the main type of the  re se a rch  d escrib ed  in  t h i s  th e s is  
i s  a s so c ia te d  w ith  the p ropagation  of e lec trom agnetic  waves through a 
co ax ia l l in e  p a r t i a l l y  f i l l e d  w ith  a plasm a, a considerab le  amount of 
p re lim in ary  work was done on ?ra.ves in  a p a r t i a l l y  f i l l e d  c i r c u la r  wave 
guide. This se c tio n  of the work was o r ig in a l ly  undertaken to  determ ine 
the  b e s t design of apparatus s u ita b le  f o r  measurements on plasma columns,
e .g .  which k ind  of probe was b e s t s u ite d  f o r  t h i s  p a r t ic u la r  jo b . However, 
the work uncovered a qu ite  in te r e s t in g  fe a tu re  concerning non«uniform 
plasmas which h i th e r to  l o a d ,  no t been d iscu ssed . F or th is  reason  the 
work i s  inc luded  in  th i s  th e s i s .  A d iscu ss io n  of th e  r e s u l t s  i s  included  
a t  the  end of the se c tio n .
The Problem And I t s  T h e o re tica l S o lu tio n  
The problem i s  to  p re d ic t  th e o r e t ic a l ly  the  B r il lo u in  diagram f o r  
f a s t  e lec trom agnetic  wave p ropagation  in  a composite wave gu ide, i . e .  
a c i r c u la r  wave guide f i l l e d  w ith  a d ischarge tu b e , see F igure 3A. The 
problem has been considered  by Sodomsky (1959) so th e  th e o re t ic a l  
procedures w il l  be in d ic a te d  only .
The jSo^utign^ As u su a l, we assume th a t  the e lectrom agnetic  f ie ld s
- 8 2 .
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may be w ritte n  a s : f ( r ) , e  # e
jnS v  o(cofc"Pz) 
•
By using  Maxwell’s equations we may ob ta in  the so lu tio n s  f o r  
B , B ., H , and H in  the  g la ss  and plasma regions* Then, by system atically
z 7 © © z
m atching the  eleotrom agnetio  .fie ld *  s bounctazy co n d itio n s  across  the  wave 
g u ide’s c ro s s -s e c tio n , we may ob ta in  a co n d itio n a l equation  which governs 
the  eigen  values of (3 p e r ta in in g  to  each value of &), The re lev an t 
boundary cond itions may be summarised a s 5 the  ta n g e n tia l  components of 
e l e c t r i c  and magnetic f i e ld s  must be continuous ac ro ss  a d ie le c t r ic  i n t e r -  
fa c e , and the  ta n g e n tia l  component of e l e c t r i c  f i e l d  must be zero a t  a 
m etal su rface ,
No B.C. m agnetic f ie ld s  a re  considered  to  a c t  on the  system, so 
the eq u iv a len t plasma te n so r  p e r m it t iv i ty  reduces to  a simple s c a la r  
q u a n tity .
From Maxwell’s equations i t  may be shown th a t :
 + j
r  o r
( l )
(2 )
^ r  r
(3)
( 4 )
2 2 2 where k  = uj |ie -  P
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Also we may show th a t  fo r  the  plasma re g io n , p e rm it t iv i ty  6 >
P
E
and H
> where
z = Ee. A, J n ( k , r ) .
z = Eei di J  ( k , r ) ,  e0 e n 1
P
jnQ j(w t-g z)
(5)
(6)
Let
. 2  2 „2 k2 -  w  ia e 2 -P
J y (k ,a )
P (k_ a) = - 11----- 1—
j J ^ a )
Sn^k2a  ^ ”
Rn (k2a)
T (k~a) n  2
Sn (k2a)
<  (k2a>
Hn (k2a )
Nn(k2a)
M '(k2a)
V k2b)«
J n (k2b)
V k2b>-
V k2b)
V  ' k2b ^
J ' ( k2b )
K  M »
J n^k2b)
j '  (k  a)n 2
J  (k0a)< = Z (k0a) n x 2 n \  2
J  (k  a )  = Y (k?a) n 2 n 2
J n (k2a)
Applying th e  boundary co n d itio n s  y ie ld s  th e  fo llow ing  c o n d itio n a l 
equ a tio n :
(gn)
(a )'
2  r 1 1
2 -  ,_2
k]T k
= W o o
Pn (k l a) Sn (k2a) T l Pi k f V K2 - ^ (k2a)
kl  k ? Y» (k2a)i  kl  k2Zn (k2a)
where = e p . = j? 2
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For the  p a r t ic u la r  mode in v e s tig a te d , the  low est hybrid  mode
*
n as 1
The d isp e rs io n  curves fo r  the  system were ob tained  by the  use of a 
computer, which was programmed to  f in d  th e  e igen  values (3 p e r ta in in g  to  
each value o f T h e  B r i l lo u in  diagram p red ic ted  by the  co n d itio n a l 
equation  i s  shown in  F igure 35 ♦
Experim ental V e r if ic a tio n
A s lo t te d  c i r c u la r  wave guide o f in te rn a l  rad iu s  1,783 cms. was 
co n stru c ted  o r ig in a l ly  as th e  o u te r  of a co ax ia l l i n e .  However, i t  was 
found th a t  th e  A tlas  Company’s mercury f lu o re sc e n t lamps would f i t  snugly 
in s id e  th is  c i r c u la r  wave guide, and th e re fo re , s in ce  th e  work was only 
i n i t i a t e d  to  provide some d a ta  concerning the  performance o f th e  microwave 
equipment, th ese  commercial tubes were used . The tubes had a sm all 
e le c tro d e  s tru c tu r e ,  see F igure 36, and th e re fo re  the  e le c tro d e s  d id  no t 
p reven t th e  microwave power being fed  in to  the  composite guide in  th e  
manner in d ic a te d  in  F igure 37,
I t  was o r ig in a l ly  thought th a t  i t  would be p o ss ib le  to  s t r ik e  an 
a .c ,  d ischarge across  th e  tube and d isp la y  the d ischarge c u rre n t on the  
x -p la te s  o f a cathode ra y  o sc illo sc o p e  and th e  p ick-up from the probe on 
th e  Y -p la te s , Thus by tak in g  photographs o f th e  o sc illo sco p e  tra c e ,  one 
would be ab le  to  o b ta in  the  probe c h a r a c te r is t ic s  fo r  v ario u s  c u rre n ts
* The low est o rd er hybrid  mode was th e o r e t ic a l ly  in v e s tig a te d  
because i t  was th e  dominant mode in  the  gu id ing  system .
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w ith  th e  probe s i tu a te d  a t  one p a r t ic u la r  p la ce . T herefore , by moving 
th e  probe and tak in g  successive  photographs one would be ab le  to  p lo t  
th e  s tan d in g  wave p a tte rn s  fo r  v ario u s  d if f e r e n t  d ischarge c u r re n ts .
However, i t  was found th a t  th e  o sc illo sco p e  t ra c e  was no t symm etrical f o r  
p o s it iv e  and n eg a tiv e  c u r re n ts .  This i s  explained  by the f a c t  th a t  fo r
p o s it iv e  cu rre n ts  th e  anode was a t  th e  microwave in p u t end of th e  wave
guide and the  cathode was a t  th e  f a r  end, w hile f o r  n eg a tiv e  c u rren ts
th e  e le c tro d e s  p o s it io n s  were reversed* From th is  i t  was apparen t th a t
th e  e lectrom agnetic  waves would no t feed  as e a s i ly  over the cathode end of
th e  d ischarge  tube as they  would over the  anode end* The exp lan atio n  fo r
.}
th i s  1 le s  in  F igure 38, which shows the  space charge d e n s ity  d is t r ib u t io n
in  a ho t cathode d ischarge  tu b e . I t  i s  apparen t th a t  c lo se  to  th e  cathode
th e re  i s  a volume which has a preponderance of e le c tro n s , i . e .  i t  has a
huge e le c tro n  d e n s ity . T herefore , in  th i s  reg io n  th e  plasma frequency i s
very  h ig h . This lead s  to  the  e lectrom agnetic  waves being  c u t-o f f  in  th is
*
reg io n  i f  th e  o p era tin g  frequency i s  o f th e  o rder of the c u t-o f f  frequency 
of the  composite wave g u ide . Therefore th e  d ischarge tube was operated  
under D.C. co n d itio n s  w ith  th e  an o d e 'n ea res t to  the microwave input*
Tunable probes were f i r s t  used in  an attem pt to  measure th e  s tan d in g  
wave le n g th  along th e  composite wave gu ide, however, th ese  probes were 
not s a tis fa c to ry *  The probe i t s e l f  could no t have any depth of p e n e tra tio n  
in to  the guide due to  p resence of th e  g la s s  tube, th e re fo re  th e  probe only
coupled very  sm all amounts of power from th e  guiding system* I t  was ij
found th a t  tu n ab le  probes were not r e a l ly  s u ita b le  fo r  measurements invo lv ing  -i
H ■
th ese  sm all power le v e ls .  The b e s t  probes fo r  the  job were made from 
H-type plugs by so ld e rin g  a sm all w ire probe onto th e  base s id e  and 
b o lt in g  the  N-type plug  onto th e  probe c a r r ia g e . These "home-made” probes 
were found to  be by f a r  th e  b e s t k ind of probe fo r  th is  p a r t ic u la r  j
a p p lic a tio n , A photograph of the  c i r c u la r  wave guide w ith  th e  probe j
c a rr ia g e  in  p o s it io n , i s  shown in  F igure 39* F igure 40 i s  a photograph 
of th e  probe c a rr ia g e  which a lso  shows the probe wire*
The mode under in v e s t ig a t io n , the  lowest hybrid  H mode, was the  only y
mode which could propagate in  the  system w ith in  th e  frequency band considered* li
" ■' ■!
I t  was th e re fo re  assumed th a t  a launcher s u ita b le  fo r  launching the  dominant J j
mode in  a normal c i r c u la r  wave guide (a lso  a H-mode), would be s u ita b le  fo r  
launching th e  low est hyb rid  H-mode in  th e  composite wave guide under / j
in v e s t ig a t io n . The launcher employed in  the  experim ental work i s  shown - j j  
in  F igure 41* j!:!i
The d ischarge tube a c tu a lly  used in  the experim ental in v e s t ig a t io n
’  '  ': i !
was an uncoated mercury " f lu o re sc e n t” lamp, s p e c ia lly  su pp lied  by the
A tlas  Company. S tanding wave measurements were made on the  guid ing  system |
iand the  r e s u l t s  were p lo t te d  on a graph o f f ,  o p e ra tin g  frequency, a g a in s t j
2/Xg» tw ice the r e c ip ro c a l  o f th e  guide w avelength. The d ischarge c u rre n t jj
was used as a param eter.
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D iscussion  of R esu lts
F igure 42 d isp lay s  th e  experim ental and th e o re t ic a l  graphs of f ,
2 /a g a in s t /X The experim ental r e s u l t s  d id  no t in d ic a te  th a t  th e  plasmaO •
guid ing  system was lossy* I t  i s  apparen t from Figure 42. th a t  the  experimen­
t a l  curve fo r  zero d ischarge c u rre n t, and th e  th e o re t ic a l  curve f o r  UJ^  = 0 
agree to  a very  h igh degree over th e  whole frequency band employed. This 
h igh degree of agreement was a tta in e d  by choosing th a t  value of "Va which 
p erm itted  the b e s t  agreem ent. (The r a t io  V a  could no t be measured 
a c c u ra te ly  enough to perm it exact agreement between theory  and experim ent, 
th e  v a lu e  of ^ / a used in  the  th e o re t ic a l  com putations was 1.0675).
Howevex*, th e  experim ental curves fo r  f i n i t e  d ischarge c u rren ts  and the  
th e o r e t ic a l  curves f o r  }  o a re  no t in  such good agreem ent. This 
r e s u l t  i s  a lso  in  evidence in  Sodomsky’s work although i t  was not so obvious 
th e re  due to  the  r e s t r i c t e d  frequency range of Sodomsky!s measurements. 
Sodomsky!s frequency range was 8 .7  -  9 .7 .1 0 ^ c y c le s /sec ,
There a re  th re e  p o ss ib le  exp lanations fo r  the appearance of 
F igure 42:
(a) M in accu ra te  value was taken  f o r  t h e • p e rm it t iv i ty  of the g la s s .
(b) The dimensions of th e  g la ss  tube were non-uniform .
(c) The plasma in v e s tig a te d  experim en tally  was non-uniform whereas 
th e  theory  only considered  uniform  plasm as.
Explanations (a ) and (b) may be discounted  s in ce  they would a lso
o r  CrAS I N  ’p iiC H A fi.C rB  T U CJ 7 ?  '  \V /)£ .  3
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a f f e c t  th e  agreement between the experim ental curve fo r  zero discharge
c u rre n t and the  th e o re t ic a l  curve fo r  <^=0, however, exp lanation  (c ) 
would no t a f fe c t  th i s  agreem ent. Therefore we may assume th a t  th e  
appearance of F igure 42 i s  due to th e  experim ental plasma being 
non-uniform .
The th e o re tc ia l  in v e s tig a tio n  of e lectrom agnetic  wave propagation  
in  non-uniform  plasmas i s  very  complex, however, an attem pt has been 
made to  take the  non-uniform ity  of th e  experim ental plasma in to  account 
in  a q u a l i ta t iv e  manner.
Uniform and Non-Uniform Plasmas
(a) Uniform Plasma: The theory  used above to  p re d ic t  the  B r il lo u in
diagrams fo r  the  uniform  plasma case may be used to  p re d ic t  the r e la t iv e  
in te n s i t i e s  o f th e  tra n sv e rse  f i e ld  components across  th e  uniform  plasma.
R epeating equations ( l ) ,  (2) ,  ( 3 ) , M f (5 ) , and (6) ,  fo r  convenience,
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Ez  = RA  J / k ^ r )  o ^n9 . . .  . . .  . . .  (5)
H = E C J  (3c,r) e ^ 9 e ^ 4”13*)    . (6)z  © n jl
th e  boundary co n d itio n s  may be used to  y ie ld  the  va lu e  of 'Vc
3 J . _ j l ]
A/ c = “ kI  “  k^J « h  (k2a)
\  K1
5 *0<*> —  Q_(k a) -  —  P (kLa) Z (k  a)
, k2 ^  J
th e re fo re  by s u b s t i tu t in g  fo r  ^/q in  equations ( l ) ,  (2 ) ,  ( 3 ) ,
§,nd (4 ) , the  tra n sv e rse  f i e ld  components in  the plasma reg ion  may be 
ob tained  as fu n tio n s  of r .
These f ie ld s  were p lo tte d  forUAp- l ^ . l O 1^, ~ 3 . 3 , l o ^ ^ i . e ,o p e r a t ­
in g  frequency w ith in  3$ o f th e  o u t-o f f  frequency and w « l #5,1010, w^  9*10^2 
Thus the  f ie ld s  p r o f i le s  were found both  c lo se  to ,  and f a r  from, 
c u t -o f f ,  see F igures43 and 44. Since the  tra n sv e rse  f i e ld  components 
were known, Poynting*s Theorem was ap p lied  to  y ie ld  the  power flow 
d e n s ity  as a fu n c tio n  of r .  F igure 45 d isp lay s  th e  power flow d en s ity
in  th e  plasma as a fu n c tio n  o f r ,  fo r  UJ = 1*5«10^ W- 3*3.10^2 a n d ^ s . 1 * 5 .1 ^p P *
10U)- 9*10 * By comparing th e  two curves in  F igure 45* i t  i s  apparent
th a t  as th e  guiding system approaches c u t-o f f  th e  a x ia l  power flow through 
th e  c e n tr a l  reg io n  o f th e  plasma tends to  in c rea se  a t  th e  expense of the
-95 -
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a x ia l  power flow through the edge of th e  plasma, i . e .  as the  guid ing  
system approaches c u t-o f f  the  a x ia l  power flow tends to  co n cen tra te  in  
the c e n tra l  reg ions of th e  plasma.
(b) Won-uniform Plasma; The plasmas which we meet in  p ra c tic e  are
bounded plasmas which in v a r ia b ly  have a non-uniform charge d is t r ib u t io n ,
w ith  th e  g re a te s t  charge d en s ity  occu rring  in  the  c e n tra l  reg ion  of the
plasm a. Therefore the  plasma may no t be assigned  a unique plasma
frequency which i s  ap p lic ab le  throughout i t s  volume. I f  one ass ig n s  an
average plasma frequency, f  , say , to  a non-uniform  plasma and uses th i s
P
in  th e  th e o r e t ic a l  m anipulations as the  plasm a’s e f fe c t iv e  plasm& frequency
then  th e  th e o r e t ic a l  p re d ic tio n s  w il l  go a l i t t l e  a s tr a y .
By p lo t t in g  th e  experim ental B r i l lo u in  diagram on a g r id  of
th e o r e t ic a l  B r i l lo u in  diagrams fo r  uniform  plasmas of d if f e r in g  plasma
freq u en c ie s , we a re  in  e f f e c t  t ry in g  to  a ss ig n  an e f fe c t iv e  f  to  the
P
non-uniform  plasm a. Wow fo r  freq u en c ies  much g re a te r  than  c u t-o f f  th e
v a r ia t io n  o f the  eq u iv a len t plasma p e rm it t iv i ty ,  e ^w ith rad iu s  i s  no t
P
very  marked, th e re fo re  the  experim ental B r il lo u in  diagrams would tend  to  
agree f a i r l y  w ell w ith  the th e o re t ic a l  B r i l lo u in  diagram s. However, 
a t  freq u en c ies  c lo se  to  c u t-o f f  the  v a r ia t io n  of e w ith  rad iu s  i s  more-a. p
marked, th e re fo re  we would expect th e  th e o re t ic a l  and experim ental 
B r i l lo u in  diagrams to  d iverge as c u t-o f f  i s  approached.
A p re d ic tio n  concerning the  appearance of th e  co rrec te d  B r i l lo u in
diagram fo r  a non-uniform plasma may "be obtained  from the ideas of 
power-flow, I f  we assume th a t ,  even when non-uniform plasmas a re  
considered , the  a x ia l  power in  the  guiding system shown in  F igure 34 
tends to  co n cen tra te  in  the  c e n tra l  reg ions of the  plasma as c u t-o ff  
i s  approached, then  i t  fo llow s th a t  c lo se  to  c u t-o f f  the  a x ia l  power-flow 
tends to  co n cen tra te  in  th e  denser reg ions of a non-uniform plasma.
Therefore the  p ropagation  of e lectrom agnetic  waves along th e  guid ing  
system would tend  to  be governed by the maximum plasma d en s ity  c lo se  to  
c u t - o f f .  However, f a r  from c u t-o f f  the  p ropagation  would be governed 
by th e  average plasma d e n s ity . This then  means th a t  the  B r il lo u in  
diagram fo r  a non-uniform  plasma would tend to  approach a c e r ta in  uniform  
plasma B r il lo u in  diagram a t  high freq u en c ie s , however c lo se  to  c u t-o f f  
the  non-uniform  plasma B r i l lo u in  diagram would break away from th a t  
p e r ta in in g  to  the  -uniform plasma and would c u t-o f f  a t  a h igher 
frequency.
This i s  ex a c tly  th e  kind of behaviour show  by th e  experim ental 
curves in  F igure 42, th e re fo re  we may conclude th a t  the appearance of 
F igure 42 i s  due, a t  le a s t  in  p a r t ,  to  the  f a c t  th a t  the  plasma in v e s tig a te d  
was non-uniform .
The va lue  of the  eq u iv a len t plasma p e rm it t iv i ty  a t  c u t-o f f  was 
about ( .7 5 ) e Q, i . e .  i t  was not p o ss ib le  to  in v e s i tg a te  the  plasma as 
f  approached c lo se  to  f ^ .  Because of th i s  i t  i s  l ik e ly  th a t  the
-a o o -
r e la t io n s h ip  between th e  a x ia l  power-flow d en s ity  and r  i s  due more to  
th e  p ro p e r tie s  of the  hybrid  mode than to  th e  p a r t ic u la r  p ro p e rtie s  of 
th e  plasma. Also s in ce  th e  guid ing  system c u t-o f f  befo re  f
approached very  c lo se  to  f  we would not expect the  non-uniform ity  of 
th e  plasma to  E ffe c t th e  electrom agnetic  f i e ld  d is t r ib u t io n s  to  a g re a t 
e x te n t, th e re fo re , th e  assum ption concerning the  a x ia l  power-flow 
co n cen tra tio n  in  non-uniform  plasmas i s  l ik e ly  to  be v a l id .
Therefore in  conclusion  i t  may be sa id  th a t  e lectrom agnetic  wave 
p ropagation  along a composite c i r c u la r  wave guide has been in v e s tig a te d  
bo th  experim en tally  and th e o re t ic a l ly ,  and th e  d iscrepancy between theory  
and experim ent fo r  f i n i t e  d ischarge c u rre n ts  has been q u a l i ta t iv e ly  
exp lained  by co n sid e rin g  the experim ental plasma to  be non-uniform .
The E ffe c ts  of E lec tro n  C o llis f io n s
The ex p ressio n  fo r  th e  eq u iv a len t p e rm it t iv i ty  of th e  plasma reg io n ,
e ^ , was derived  w hile assuming the plasma e le c tro n s  to  s u f fe r  no c o l l i s io n s ,
however experim ental plasmas a re  not ab le  to  f u l f i l  th i s  id e a liz e d
requirem ent and so a more complex expression  f o re  should be used , i , e ,P
the  ex p ressio n  fo r  should inc lude  a lo ss  term to  re p re se n t the  e f fe c t  
o f th e  e le c tro n  c o l l i s io n s ,
Now the f a c t  th a t  th e  s tan d in g  wave measurements made on th e  composite 
wave guide d id  n o t in d ic a te  th a t  the  gu id ing  system was lo ssy  im plies th a t
-101-
th e  sim ple expression  fo r  i s  q u ite  adequate fo r  the p a r t ic u la r
a p p lic a tio n  considered  here  Therefore the more complex expression  fo r
e did no t have to  he used to  re p re se n t the  p e rm it t iv i ty  of the plasma 
P
reg io n .
•*
Notes T riv e lp iec e , and Sodomsky have shown th a t  i f  th e  a tte n u a tio n  
in  the  composite wave guide i s  sm all, then the  e le c tro n  c o l l i s i o n s  have 
a n e g lig ib le  e f f e c t  on th e  B r i l lo u in  diagrams which a re  p re d ic ted  by th e  
use o f th e  sim pler exp ression  fo r  e^.
-102-
C H A P T E R  TV
The Experim ental In v e s tig a tio n  of the  Annular Plasma 
(a ) The P roduction  o f the Annular Plasma
The m ajor d i f f i c u l ty  co n fro n tin g  the  experim ental work was the 
p roduction  of a s ta b le ,  a x ia l ly  symmetric, an n u la r plasma* There, a re  
th re e  main methods of producing an an n u la r plasma*
(1 ) A d*c* Discharge* The b a s ic  method i s  to  c o n s tru c t an an n u la r
g la ss  tube w ith  an e le c tro d e  a t  each end and then  s t r ik e  a d*c* 
d ischarge between the two e lec trodes*
(2 ) An r*f* D ischarge. In  th i s  case i t  i s  n o t necessary  to  have
e le c tro d e s  w ith in  the tu b e . An r . f . d ischarge in  the  low p re ssu re  
gas may be e x c ite d  and m ain tained  by feed in g  the ap p ro p ria te  
power in to  the d ischarge tube by means of e x te rn a l e le c tro d e s
in  the form of e i th e r  in d u c tiv e  loops o r  c a p a c itiv e  p la te s .
( 3 ) A C oncentric Diode. In  t h i s  arrangem ent the annu lar plasma i s
formed between two co n cen tric  m etal c y lin d e rs , one a c tin g  as an
anode, the o th e r  a c tin g  as a cathode, see E igure
Each of the th re e  methods o u tlin e d  above was considered  f o r  the 
p roduction  of the experim ental an n u la r plasm a.
The C oncentric Diode
Q  u  o  o  o  C9 a  o  o  n
A p r a c t ic a l  d i f f i c u l ty  w ith  a l l  an n u lar plasma tubes i s  th a t  since  
th e  in n e r  and o u te r  w alls  a re  no t m ain tained  a t  the  same tem perature when
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the  d ischarge i s  s tru c k , considerab le  s tr e s s e s  are  s e t  up which could 
lead  to  the  f ra c tu re  o f the tube*s s tru c tu re .  This d i f f i c u l ty  i s  
p a r t ic u la r ly  im portan t in  the diode co n s tru c tio n , however, i f  the  diode 
were a f e a s ib le  device th ese  d i f f i c u l t i e s  could be overcome by using  
s u ita b le  s l id in g  c o n ta c ts .
In  o rder to  make measurements on the  d ischarge a t  microwave freq u en c ies  
a f a i r l y  dense d ischarge would be re q u ired , th i s  im p lies  th a t  th e  diode 
would re q u ire  a therm ionic cathode* T herefore, s in ce  no s u ita b le  cathodes 
were a v a ila b le , the  diode c o n s tru c tio n  was no t proceeded w ith .
The R.F. D ischarge
In  1963, Severin  read  a paper a t  The S ix th  In te rn a tio n a l  Conference 
on Io n iz a tio n  Phenomena in  Cases, P a r is ,  in  which he s ta te d  th a t  by matching 
500 w atts  a t  a frequency of 30 m egacycles/sec in to  an argon d ischarge tube 
which f i l l e d  a c i r c u la r  wave guide, he was ab le  to  produce s u f f ic ie n t  
io n iz a t io n  to  cause the  d ischarge to  e f f e c t  the  p ropagation  o f microwaves 
a t  x-band fre q u e n c ie s . A sketch  of h is  guiding system i s  shown in  F igure 
47.
An r . f .  t ra n s m it te r  and a m p lif ie r , which to g e th e r were capable of 
producing 250 w atts  c.w . a t  a frequency of 28 m egacycles/sec were bought, 
and by p u ls in g  th e  o s c i l l a to r  valve and changing th e  b ia s  on the  output 
power valves i t  was p o ss ib le  to  s tep -up  the  output power to  800 w att p u lse s .
- 1 0 5
The pu lse  d u ra tio n  being v a r ia b le  between 1 and 10 microseconds and the 
r e p e t i t io n  time being  1 m illiseco n d .
This power was then matched in to  the  d ischarge tube by an e x te rn a l 
m atching arrangem ent which was s im ila r  to  those used by l a s e r  tube 
m anufactures to  match r . f .  power in to  l a s e r  tubes* The s tand ing  wave 
r a t io  in  the l in e  was measured w ith  an r . f .  s tand ing  wave m eter, and i t  
was found th a t  n e a rly  a l l  of the r . f *  power was matched in to  the  discharge* 
The experim ental arrangem ent i s  shown in  F igu res 48 and 49*
X-band frequency microwave power was then passed  through the 
d isch a rg e , and a f te r-g lo w  phase measurements were made to  see i f  the 
microwaves su ffe re d  any phase change due to  the presence of the discharge* 
No m easurable phase change was d e tec ted  w ith  the arrangem ent a lthough 
the c a l ib ra te d  phase s h i f t e r  included  in  the microwave bench would have 
enabled f ra c t io n s  of a f r in g e  to  have been measured. The microwave 
bench arrangem ent i s  shown in  F igure 50*
A P o ss ib le  E xplanation  F or The N egative R esu lt
Severin  made phase measurements and counted seven f r in g e s  befo re  
c u t-o f f  when the in te ra c t io n  le n g th  between the d ischarge and microwaves 
was 150 cm s., th i s  then  im plies th a t  the  guide wavelength in  the composite 
c i r c u la r  wave guide was very  long b efo re  the  d ischarge was s t r u c k ,( e .g .
20 cm s.), i . e .  measurements were made ad jacen t to  the plasm aless 
guid ing  systems c u t -o f f  frequency.
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C a l c u l a t i o n s  on a  c i r c u l a r  w ave g u id e  c o m p l e t e l y  f i l l e d  w i t h  a  
p la s m a  i n d i c a t e  t h a t  i f  t h e  g u id e  w a v e le n g th  w e re  20 cm s. a t  a  c e r t a i n  
x - h a i i d  f r e q u e n c y ,  f  ,  i n  t h e  a b s e n c e  o f  a  d i s c h a r g e ,  t h e n  a  p la s m a  
f r e q u e n c y  o f  o n l y  1 , 5  10^ c y c l e  s / s e c .  w o u ld  b e  s u f f i c i e n t  t o  c a u s e  t h e
g u id e  t o  c u t - o f f  a t  f  . S u c h  c a l c u l a t i o n s  a r e  n o t  c o n c l u s i v e  s i n c e  
S e v e r i n f s  g u i d i n g  s y s te m  w as a  c o m p o s i te  c i r c u l a r  w ave g u i d e ,  h o w e v e r ,  
t h e  c a l c u l a t i o n s  do  i n d i c a t e  t h a t  t h e  p la s m a  f r e q u e n c i e s  r e q u i r e d  f o r  
S e v e r i n g  g u i d i n g  s y s te m  t o  c u t - o f f  w e re  a lm o s t  c e r t a i n l y  a  g r e a t  d e a l  
l e s s  t h a n  x - b a n d  f r e q u e n c i e s ,
A c o a x i a l  l i n e  f i l l e d  w i t h  a n  a n n u l a r  p la s m a  w o u ld  o n ly  c u t - o f f  
a t  x - b a n d  f r e q u e n c i e s  i f  t h e  p la s m a  f r e q u e n c y  r e a c h e d  x«ban&  f r e q u e n c i e s ,
n
a n d  m o re o v e r  a  p la s m a  f r e q u e n c y  o f  1 .1 0  c y c l e s / s e c .  w o u ld  o n ly  c a u s e  a  
1% c h a n g e  i n  g u id e  w a v e le n g th  a t  x -b a n d  f r e q u e n c i e s .
T h e r e f o r e  t h e  f a c t  t h a t  a  c e r t a i n  am o u n t o f  r . f .  p o w e r  m ay b e  
s u f f i c i e n t  t o  c a u s e  a  m e a s u r a b le  p h a s e  c h a n g e  i n  a  c i r c u l a r  -wave g u id e  b u t  
n o t  i n  a  c o a x i a l  l i n e  i s  e x p l i c a b l e  i n  t h e s e  t e r m s .
The P .O .  D i s c h a r g e
The d i s c h a r g e  t u b e  a c t u a l l y  u s e d  f o r  t h e  e x p e r i m e n t a l  i n v e s t i g a t i o n  
o f  t h e  a n n u l a r  p la s m a  w as a  d .c *  a n n u l a r  d i s c h a r g e  t u b e .  The p r e c i s e  
d e s i g n  p a r a m e t e r s  o f  t h e  s u c c e s s f u l  t u b e  b e i n g  o b t a i n e d  th r o u g h  a  p r o c e s s  
o f  e v o l u t i o n ,  i . e .  a  s e r i e s  o f  a n n u l a r  d i s c h a r g e  t u b e s  w e re  b u i l t  a n d  e a c h  
s u c c e s s i v e  t u b e  w as d e s i g n e d  w i t h  r e f e r e n c e  t o  t h e  e x p e r i e n c e  g a i n e d  f ro m  
i t s  p r e d e c e s s o r s .
- 1 0 9 -
The Main Design F ea tu res  And P ro p e rtie s  of the
tx*  G9  ssst «ca cs «s» «s» «  *=* era «  *=> era C3 cz> «r» c=»
BxEeEiBeBtal„Ajinular_Ds CA E ischarge Tube_
The in n e r  g la ss  tuhe had to  he ac ce ss ib le  from the  e x te r io r  sinoe 
an in n e r  conductor had to  be lo c a te d  w ith in  S t th e re fo re  the anode had to  
have a c y l in d r ic a l  co n s tru c tio n . I t  was found by a s e r ie s  of experim ents 
th a t  th e  r a t io  of the  anode diam eter to  th a t  of the  in n e r  g lass  tube had 
to  be as  la rg e  as p o ss ib le  f o r  the p roduction  of a s ta b le  annu lar plasm a, 
th e re fo re  th e  anode c o n s tr ic t io n  shown in  F igure 51 was employed.
Experim ental da ta  a lso  in d ic a te d  th a t  the b e s t  way of te rm in a tin g  
the an n u la r se c tio n  of the  tube was by se a lin g  th e  in n e r  sec tio n  to  the  
o u te r  g la ss  tube a t  one p o in t as i l l u s t r a t e d  in  F igu re  51* Thus, i t  was 
found th a t  a tube w ith  the  b as ic  design  param eters shown in  F igure 51 was 
capable of supporting  an a x ia l ly  symmetric annu lar plasm a. F igure 51a 
i s  a photograph of the a c tu a l  annu lar d ischarge tube used in  the experim ents.
The in n e r  g la ss  se c tio n  of the an n u la r d ischarge tube was 
a c c u ra te ly  lo c a te d  along the  a x is  of the o u te r  g la ss  tube by supporting  i t  
w ith  c lo se  f i t t i n g  b ra ss  d is c s .  These d isc s  were d isso lv ed  away w ith  
n i t r i c  a c id  a f t e r  the  in n e r  g la ss  tube had been p ro p erly  sea led  in to  
p o s it io n .
The cathode employed in  the  d ischarge tube was a heavy duty 
commercial cathode which was capable of supplying cu rre n ts  f a r  in  excess 
of those re q u ire d  f o r  the experim ental pu rposes. I t  was found th a t  th e
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cathode req u ired  c u rre n ts  in  excess of 10 amps to  p ro p e rly  a c t iv a te  i t ,  
however, i t  was no t p o ss ib le  f o r  such la rg e  c u rren ts  to  he drawn from 
the cathode, consequently  i t  was never p ro p e rly  ac tiv a ted #  This f a c t  
had two e f f e c t s ,  one advantageous and th e  o th e r  not#
One e f f e c t  was th a t  whenever the cathode’ s h ea te rs  were sw itched 
on the  p ressu re  in  the  tube rose^ I f ,  however, the excess gas was 
pumped ou t and th e  tube then  f i l l e d  w ith  th e  gaD under in v e s t ig a t io n , 
tha  far«BSttre remained co n s tan t. This meant th a t  each morning the  cathode 
was sw itched on and l e f t  f o r  a sh o rt tim e, then the excess gas was pumped 
out and the  gas under in v e s tig a tio n  (argon) was l e t  in to  the  tu b e , the  
d ischarge was s tru c k , the  p ressu re  was a d ju s te d , and measurements were 
made# I t  was found th a t  once the d ischarge was s tru ck  and c a r r ie d  a 
co n stan t c u rre n t th e  p re ssu re  d id  no t v ary  during th e  day# Therefore i t  
was u n lik e ly  th a t  the  f a c t  th a t  the cathode was no t f u l l y  a c t iv a te d  a f fe c te d  
the r e s u l t s  to  any g re a t extent#  However, i t  d id  mean th a t  th e  d ischarge 
tube had to  be run under pump conditions#
The advantageous e f f e c t  of the cathode no t being f u l ly  a c t iv a te d  
was th a t  the tube could  be cu t open and a i r  allowed onto th e  cathode 
su rface  w ithout d isa s te ro u s  r e s u l t s ,  th i s  allow ed d i f f e r e n t  guiding 
systems to  be arranged  about the  annu lar se c tio n  of the  d ischarge tu b e .
This was a very  welcome e f f e c t  s ince th e  o u te rs  of the  co ax ia l guiding 
systems could no t be s lip p e d  over e i th e r  the cathode o r th e  anode end of 
the  d ischarge tube since  bo th  th ese  reg io n s  were much w ider than  th a t  p a r t
-113-
of the tube where measurements were made. A f te r  re se a lin g  the  discharge 
tube the cathode had to  be re a c tiv a te d  b u t i t  was found th a t  the  cathode 
was q u ite  ro b u st and in  f a c t  i t  always worked s a t i s f a c to r i ly  a f t e r  being 
allow ed up to  atm ospheric pressure#
I t  was found th a t  of the th ree  gases t r i e d  in  the d ischarge tu b e , 
argon, neon, and xenon only argon was capable of y ie ld in g  a d ischarge f re e  
from s t r i a t io n s  and io n  in s ta b i l i t i e s #  Indeed a t  some p a r t ic u la r  p re ssu re s  
even the argon discharge d isp lay ed  some s l ig h t  ion  in s t a b i l i t i e s #
00 The Experim ental R esu lts  
C1)  -PfcaseJfeaauEeffleijts
The d ischarge tube shown in  F igure 51 has a very  p e c u lia r  shape and 
th e re fo re  i t  was no t an easy su b jec t f o r  experim entation# However, by 
u sing  tap e red  sec tio n s  of guide i t  was p o ss ib le  to  couple e lectrom agnetic  
waves in to  a co ax ia l guid ing  system which was co ncen tric  w ith  the  d ischarge 
tu b e , see F ig u res  52 and 52a#
At f i r s t  i t  ?fas thought th a t  i t  Y/ould be p o ss ib le  f o r  stand ing  wave 
measurements to  be made on the  guiding system shown in  F igu re  52a i f  the  
o u te r  conductor were s lo t te d  and an r . f .  probe in serted #  However, s ince  
the  p robe’s p e n e tra tio n  was l im ite d  by the  presence of the o u te r  g la ss  w all 
of the d ischarge tu b e , i t  was found th a t  the  probe was only ab le  to  
couple very  sm all power le v e ls  and th a t  the  coupled pov/er le v e l  decreased 
as the d ischarge c u rre n t in c rea se d . F o r th i s  reason i t  was no t p o ss ib le
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f o r  accu ra te  s tand ing  wave measurements to  be maae on the guiding system 
shown in  F igure  52a*
Since the  probe was unable to  couple s u f f ic ie n t  power from the  
guiding system f o r  accu ra te  stand ing  wave measurements to  be made, i t  
was apparent th a t  i f  measurements were to  be made a t  a l l  then  use would 
have to  be made of the whole tra n sm itte d  power, o r as  much of i t  as p o s s ib le , 
i .e *  phase measurements would have to  be made* F igure 53 shows the 
coup ler which was used  to  couple the e lectrom agnetic  waves from the co ax ia l 
guiding system in to  a re c ta n g u a lr  wave guide*
E xplanation  of Phase Measurements The b a s ic  p r in c ip le  involved  here 
i s  p re c is e ly  th a t  which governs the compensator p la te s  in  R ayleigh’ s 
Refractom eter* Consider F igure  54> where T i s  a source of e lec trom agnetic  
ra d ia t io n . I f  the ra d ia t io n  i s  made to  tra* § v erse  two d i f f e r e n t  paths 
and recombine in  the reg io n  of Q, then because of the p a th  d iffe re n c e  an 
in te rfe re n c e  p a t te rn  appears a t  Q* Now i f  one of th ese  paths co n ta in s  a 
v a r ia b le  element R which changes th e  e f fe c t iv e  p a th  le n g th  of the  wave 
along th a t  p a th , then  by g rad u a lly  changing th is  elem ent and n o tin g  the 
r e s u l t in g  f r in g e  s h i f t  i t  i s  p o ss ib le  f o r  the phase s h i f t  in troduced  by 
the  elem ent to  be measured* Therefore since the  wave le n g th  of the  
e lectrom agnetic  r a d ia t io n  in  the absence of the v a r ia b le  elem ent i s  known, 
the w avelength of the ra d ia t io n  w ith in  the  element may be found from a 
knowledge of the phase s h i f t  i t  in troduces*
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To apply th i s  p r in c ip le  to  the problem a t  hand the experim ental * 
arrangem ent i l l u s t r a t e d  in  F igure 55 was employed. To in c rease  the  re so lv ­
ing  power of the  system the c a l ib ra te d  phase s h i f t e r  was included  so th a t  
f ra c t io n s  of a f r in g e  could be measured w ithout d i f f i c u l ty .
The measured phase change was the d iffe ren ce  between the  phase 
of the  wave a r r iv in g  a t  p o in t Q, (v ia  p a th  l ) , when no d ischarge was p re se n t, 
and the phase of th a t  wave when a c e r ta in  d ischarge c u rre n t was passed .
Now f o r  zero d ischarge c u rre n t the  th e o re t ic a l  and experim ental r e s u l t s  
a re  in  exact agreem ent, th e re fo re  the  w avelength of the wave which may 
propagate along the d ischarge tube in  the absence of a d ischarge c u rre n t
was known. Also the phase change in troduced  by a c e r ta in  c u rre n t was known,% *
th e re fo re  the w avelength of the wave p assin g  along the  d ischarge tube when
th a t  c e r ta in  c u rre n t was passed  could be found.
There a re  two reg ions la b e l le d  A and B, one a t  e i th e r  end of the
plasma guide se c tio n  shown in  F igure  5 5 * these two reg ions re p re se n t the
coupling  param eters in to  and out o f the plasma guide se c tio n . There i s
no reason  to  suppose th a t  th ese  coupling param eters are  independent of
e i th e r  frequency o r magnitude of d ischarge c u r re n t.  Therefore i f  these
coupling  param eters were ignored  they  would in tro d u ce  an unknown and
v a r ia b le  e r ro r .  The e f fe c ts  of th ese  coupling param eters were e lim in a ted
from the experim ental r e s u l t s  by perform ing each s e t  of measurements tw ice ,
*
once w ith  a long  le n g th  of plasma guide and once w ith  a sh o rt le n g th  of 
^ A plasma guide i s  a guiding system which co n ta in s  a plasma reg io n
plasma guide. Then the phase s h i f t s  f o r  the two d i f f e r e n t  guide len g th s  
a t  corresponding freq u en c ies  and discharge c u rre n ts  were su b tra c te d , thus 
e lim in a tin g  the unknown coupling param eters, and so th e  phase change 
in troduced  by a known le n g th  of plasma guide was found.
Since probe measurements were no t made the o u te r  conductor of the  
guiding system d id  no t have to  be r ig id .  This meant th a t  the o u te r  
conductor could be formed by wrapping aluminium f o i l  round the d ischarge 
tu b e . I t  was found th a t  the guiding systems made in  th is  way enabled 
phase measurements to  be made e a s i ly  and qu ick ly .
The simple p r in c ip le s  o u tlin e d  above were used to  f in d  the B r il lo u in  
diagrams p lo t te d  in  F igu res 5& and 57* F igure 56 d isp lay s  a comparison 
between the experim ental and th e o re t ic a l  B r illo u in  diagram s. I t  should 
be n o tic e d  th a t  only the f a s t  wave p ropagation  was in v e s t ig a te d .
The experim ental data  was c o lle c te d  f o r  Argon under p re ssu re s  from 
10 to  50 m icrons. The discharge c u rre n t was v a r ia b le  from 40 to  400 m .a ., 
however, i t  was n o tic e d  th a t  i f  the  d ischarge m s  l e f t  running f o r  lo n g er 
than  te n  minutes a t  c u rre n ts  g re a te r  th an  250 m .a. then  the in n e r  g la ss  
se c tio n  s ta r te d  to  sag . This may account fo r  the f a c t  th a t  measurements 
made on a 300 m .a. d ischarge a re  n o t in  good agreement w ith  th eo ry .
The ou tpu t from the magic te e  was d isp layed  upon a m eter when 
measurements were made, however, when the  output was d isp layed  on an 
o sc illo sco p e  i t  was found th a t  some io n  i n s t a b i l i t i e s  were p re se n t a t
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some p re ssu re s . These i n s t a b i l i t i e s  a f fe c te d  the  measurements to  some 
e x te n t, however, s ince the  r e s u l t s  ob ta ined  were q u ite  c o n s is te n t and 
d e f in ite  i t  was assumed th a t  the  experim ental r e s u l t s  were an average 
taken over th e  io n  i n s t a b i l i t i e s .  The i n s t a b i l i t i e s  were no t of a 
s ta b le  frequency, however, i t  was p o ssib le  to  say th a t  they occurred  
between 20 and 40 k c /se c .
Comment On The Phase Measurements, The measurements could only be performed 
over a r e s t r i c t e d  frequency range because the p h a s e -s h if te r  was only 
c a l ib ra te d  from 5*5.10^ c y c le s /se c . to  8.10^ c y c le s /s e c . N evertheless 
the  phase measurements are of in t e r e s t  s ince they  show th a t  the e f fe c tiv e  
plasma frequency of the d isch arg e , f  , in c rea se d  w ith in c re a s in g  gas
p re ssu re , see F igure 57* A p o s s ib le , simple exp lan atio n  of t h i s  phenomenon 
w ill, now be g iven.
The e le c tro n s  in  the p o s it iv e  column of a d .c . d ischarge tube have a 
sm all d r i f t  v e lo c ity  (d ire c te d  towards the  anode) superimposed on th e i r  
la rg e  random v e lo c i t i e s .  I t  i s  t h i s  d r i f t  v e lo c ity  which p rov ides th e  
mechanism f o r  c u rre n t flow , i . e .  the  e le c tro n  c u rre n t d en sity  i s  given by 
p*v, where p  i s  the e le c tro n  charge d en s ity  and v i s  the e le c tro n  d r i f t  
v e lo c ity . The "K inetic Theory of Gases" in d ic a te s  th a t  as th e  gas p ressu re  
in c re a se s  th e  c o l l i s io n  frequency of the  e le c tro n s  a lso  in c re a se s , th i s  
has the e f f e c t  of reducing the  e le c tro n  d r i f t  v e lo c ity . Therefore the  
e le c tro n  d e n s ity  has to  in c re a se  w ith  in c re a s in g  gas p ressu re  i f  the
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e le c tro n  c u rre n t i s  to  remain co n s ta n t, i . e .  f  has to  in c reasep .e r f .
w ith  in c re a s in g  gas p re ssu re .
The t o t a l  c u rre n t d en sity  p assin g  through the  d ischarge i s  th e  sum
of the e le c tro n  and ion  cu rren t d e n s i t ie s ,  however, the  argument given
above has ignored  the io n  c u r re n ts .  This i s  a p erm issib le  s im p lif ic a tio n
because n ea rly  a l l  the cu rre n t i s  c a r r ie d  by the  e le c tro n s  in  the p o s it iv e
column of a d .c . d ischarge tube . Thus, the  f a c t  th a t  f  in c re a se sp . el i «
w ith  in c reas in g  gas p ressu re  has been explained .
F igure $6 in d ic a te s  th a t  th e re  i s  a f a i r l y  high degree of agreement
between theory  and experim ent, th i s  i s  no t su rp r is in g  s ince the measurements
were made a t  freq u en c ies  g re a te r  than  (1 .4 )*  f  > i . e .  measurementsp . e l l .
were no t made c lo se  to  c u t-o f f .
(b) Standing Wave Measurements
The discharge tube shown in  F igure 51 was surrounded by an o u te r 
c y l in d r ic a l  conductor whose in te r n a l  diam eter was arranged to  be la rg e r  
than  th e  o u te r  diam eter of the d ischarge tube, see F igure 58. Therefore 
a f re e  space annulus about 4 —5 mm. wide was in tro d u ced  between the 
d ischarge tube and th e  o u te r  conductor. The o u te r conductor was s lo t te d  
and an r . f .  probe, was made to  run w ith in  the s lo t  in  the  f re e  space annulus. 
T herefore , in  th i s  case , the probe could  have a f i n i t e  p e n e tra tio n
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in to  the  guiding system , see F igure 58* A photograph of the  guiding 
system i s  shown in  F igure 58a-•
I t  was found th a t  th i s  probing arrangement was su ita b le  f o r  making 
measurements on the system when the d ischarge tube supported  cu rre n ts  of 
up to  200 m.a. The microwave power was fe d  in to  th e  guid ing  system over 
the  anode w ith  th e  a id  of th e  tap e red  sec tio n s  of guide described  above* 
Also a matching stub  arrangem ent was lo c a te d  ju s t  on the  gen era to r s ide  
of the guiding system to  ensure th a t  the  co ax ia l l in e  was matched a t  
p lane  z , see F igure  59* Even when the  d ischarge su p p o rted  q u ite  high 
c u rre n ts  i t  was found th a t  the  tun ing  of the  matching stub  was very
c r i t i c a l*  F igure 52 i s  a diagram of the  microwave feed in g  system.
F a s t Wave Measurements. V arious measurements were made on the  low est
«c* tm «a «a m» ea m  «s
o rd er f a s t  wave mode which propagated in  the  guiding system , the r e s u l t s
2 /were p lo t te d  on a g r a g i i  of f  a g a in s t / Xg.
I t  vra,s no t p o ss ib le  f o r  measurements to  be made on the guiding 
system as the p ropagation  approached v ery  c lose  to  c u t - o f f , no t only 
because the guide wave le n g th  became very  long b u t a lso  because as the 
guid ing  system approached c u t-o f f  the r . f *  probe coupled le s s  and le s s  
power from the system . This was in  s p ite  p f the f a c t  th a t  the co ax ia l 
l in e  was mate lied a t  p lane z. I t  i s  of in t e r e s t  to  note th a t  the  
measurements made on the  l in e  when i t  was r e la t iv e ly  n ear to  c u t-o f f  
d id  no t in d ic a te  th a t  the  system was lo ssy .
- 1 1 & -
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In  s p ite  of the d i f f i c u l ty  in  making measurements very  c lo se  to  
c u t-o f f  some very  in te r e s t in g  experim ental curves were ob ta ined  f o r  v a rio u s  
d if f e r e n t  d ischarge p re ssu re s  and c u r re n ts .  The tran sm iss io n  l in e  technique, 
d escrib ed  in  d e ta i l  in  Chapter T l, was employed to  p re d ic t  th e o re t ic a l  
curves o f f  a g a in s t f o r  bo th  uniform  and non-uniform plasm as. The
experim ental r e s u l t s  and the two s e ts  of p re d ic tio n s  obtained  from the  
tran sm iss io n  l in e  technique are  shown in  F igure 66, which shows only th a t  
reg io n  of the graph where measurements were taken .
I t  i s  im m ediately apparen t from F igure 60 th a t  the experim ental 
and uniform  tran sm iss io n  l in e  curves a re  n o t in  very  good agreem ent, 
w h ils t  when phase measurements were made the experim ental and th e o re t ic a l  
curves were in  good agreem ent. This apparen t d iscrepancy between the  two 
s e ts  of r e s u l ts  i s  e a s i ly  exp la ined  by n o tin g  th a t  f o r  the phase measure­
ments a guiding system was in v e s tig a te d  f a r  from c u t - o f f ,  b u t f o r  the 
s tan d in g  wave measurements a guiding system was in v e s tig a te d  ad jacen t to  
c u t - o f f .  The tran sm iss io n  l in e  technique when ap p lied  to  f a s t  wave 
p ropagation  in  non-uniform  plasmas suggested  th a t  the  fo>»(3 curve f o r  a 
c e r ta in  non-uniform plasma would approach the co-(3 curve of a c e r ta in  
uniform  plasma f a r  from c u t- o f f ,  however c lo se  to  c u t-o f f  th e &> curve 
f o r  the non-uniform plasma would tend  to  c u t-o f f  a t  a h igher frequency than  
th a t  of the uniform  plasm a. Therefore measurements made on a non-uniform  
plasma f a r  from c u t-o f f  would suggest th a t  plasma were uniform , whereas 
measurements made a d jacen t to  c u t-o f f  would re v e a l th e  non-uniform n a tu re  
of th e  plasm a.
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The experim ental r e s u l ts  f o r  the f a s t  wave p ropagation  c lo se  to  
c u t-o f f  are  in  q u a l i ta t iv e  agreement w ith  the tran sm iss io n  l in e  a n a ly s is  
f o r  non-uniform plasm as, however, th e re  i s  no t exact correspondence. I t  
was no t considered  worthwhile to  s e le c t  various plasma d en s ity  d is t r ib u t io n s  
in  an attem pt to  o b ta in  exact agreement between th eo ry  and experim ent 
s in c e |
(a) the exac t e le c tro n  d en s ity  p r o f i le  was no t known 
o o  the tran sm iss io n  l in e  approach i s  only an approximate 
method and we have no in d ic a tio n  as to  i t s  degree of 
accuracy when non-uniform plasmas are  considered .
The maximum value of plasma frequency ( f  ) p re se n t in  the
•P. max,
experim ental plasmas may be obtained  from F igure 60 s ince  according to  
the transm ission  l in e  technique the  f a s t  wave propagation  c u ts -o f f  a t  
th e  maximum value of plasma frequency p re se n t. T herefo re , from F igure  60
P.max.
2 .2  10^c y c le s /se c  
1 . 3 »10^ c y c le s /se c .
x .m .a.
200
100
I f  the experim ental plasmas were uniform o r i f  the degree of non­
u n ifo rm ity  were co n stan t f o r  d i f f e r e n t  c u rre n ts  then f
P. max.
200 m .a.
would equal 2 x f  I *P.max. 110Q
This assumes th a t  I ,  d ischarge c u r re n t,  i s  d i r e c t ly  p ro p o rtio n a l 
to  N, the e le c tro n  number d en s ity  i . e .  I  sc N
But N <cc f_
Jr
f
p
The f a c t  th a t  f p>max> Z 0 0 m x > 4 2 ' t  I suggests
P.max 1100 ma
th a t  the degree of plasma non-uniform ity  in c reases  w ith  in c reas in g  
d ischarge c u rre n t.
Since the d ischarge tube Yjas run under pump co n d itio n s  i t  was 
p o ss ib le  f o r  i t s  p ressu re  to  be c o n s ta n tly  m onitored. This le d  to  the 
d iscovery  th a t  the  tu b e ’ s p ressu re  was dependent upon the  magnitude of the  
d ischarge c u r re n t,  i . e .  i f  the c u rre n t was ra is e d  the  p ressu re  would r i s e  
and i f  the c u rre n t was lowered the p ressu re  would f a l l .  Allowance 
had to  be made f o r  a time la g  of 15 -  20 m inutes, F or the p a r t ic u la r  , 
s e t  of r e s u l t s  shown in  F igure 6o the p ressu re  a t  low c u rre n ts  was 10.5 
microns b u t the  p ressu re  a t  high c u rren ts  200 ma.) was 20 m icrons.
When the tube c a r r ie d  a c u rre n t of 200 ma. the  tem perature o f i t s  
o u te r  g la ss  su rface  ?/as 100°C, b u t when the tube c a r r ie d  low cu rre n ts  i t s  
tem perature was only about 20°C. The a p p lic a tio n  of therm al co n d u c tiv ity  
th eo ry  in d ic a te s  th a t  the tem perature of the  gas w ith in  the d ischarge tube 
was no t s ig n i f ic a n t ly  d i f f e r e n t  from the tem perature of i t s  o u te r  g la ss  
su rfa c e , th e re fo re  we may assume th a t  the r a is in g  of the d ischarge 
c u rre n t from low values to  a value of 200 ma, caused the tem perature of 
the  gas in s id e  the  d ischarge tube to  be ra is e d  from about 300°A to  about 
A00°A. The a p p lic a tio n  of C harles Law suggests th a t  the p re ssu re  should 
n o t have in c reased  by more than  a f a c to r  This th e re fo re  means th a t
the observed p re ssu re  d r i f t  must have been due to  something o th e r  than
ju s t  the  in c rease  in  tem perature of the gas w ith in  the d ischarge tube.
The most l ik e ly  ex p lan a tio n  f o r  the observed p ressu re  d r i f t  i s  th a t  some 
agen t w ith in  the tu b e , probably the  cathode, was ab le  to  absorb some gas 
when low c u rren ts  were passed and then  re«em it th e  gas when high c u rre n ts  
were passed .
The p ressu re  d r i f t  was no t observed while phase measurements were 
being  made probably because the c u rre n t was not l e f t  a t  any p a r t ic u la r  
f i n i t e  value f o r  any le n g th  of tim e , i . e .  f o r  each p a r t ic u la r  p ropagating  
frequency the d ischarge cu rren t was g rad u a lly  in c re a se d  from zero up to  
the maximum value of c u rre n t re q u ire d , thereby  enab ling  the  in troduced  
phase change to  be c o n s ta n tly  a sse ssed .
§^2WJ'%V» Measurements^ The propagation  of slow e lectrom agnetic
waves along plasma columns has one u n fo rtu n a te  c h a r a c te r is t i c ,  which i s  
th a t  the pass-bands f o r  slow wave modes of v a rio u s  orders ( i . e .  d i f f e r e n t  
v a lu es  o f n) tend  to  o verlap . This means th a t  f o r  accu ra te  slow wave 
measurements to  be made care  has to  be taken  to  ensure th a t  the higher* 
o rd e r modes are  no t e x c ite d .
The re sea rc h  rep o rted  in  th i s  th e s is  i s  concerned w ith  annu lar 
plasmas and i t  was found th a t  in  o rd er to  ob ta in  an accep tab le  annu lar 
plasm a, the d ischarge tube had to  take  th e  form shown in  F igure 51*
This n e c e s s ita te d  the e lectrom agnetic  waves being fe d  over the anode w ith  
the  a id  of tap e red  se c tio n s  of gu ide, see F igure 52. When f a s t  wave
propagation  was in v e s tig a te d  th ese  tap e red  sec tio n s  of guide were no t 
t e r r i b l y  im portan t s ince the mode under in v e s tig a tio n  was the only 
p ropagating  mode p re sen t in  the system . However, when slow wave propagation  
was considered  th ese  tapered  sec tio n s  of guide tended to  e x c ite  h igher 
o rd er slow wave modes> which were ab le  to  propagate along the guiding 
system . The propagation  of th ese  h igher o rder modes had the e f f e c t  of 
l im it in g  the frequency range over which the low est o rd e r, c i r c u la r ly  
symmetric, slow wave mode could  be experim en tally  observed.
The slow wave measurements were a lso  hampered by the f a c t  th a t  the 
p ropagation  tended to  be a l i t t l e  lo s s y , e .g .  successive  maxima going 
towards the lo ad  decreased by a f a c to r  of about f .
I t  was found th a t  i t  was only p o ss ib le  f o r  slow wave measurements 
to  be made on the  guiding system shown in  F igure 58 when the  in n e r  
conductor was. removed. T herefo re , slow wave propagation  along a c i r c u la r  
wave guide co n ta in in g  a plasma annUlus was in v e s tig a te d . I t  was shown 
in  C hapter I  th a t  the  low est o rd e r, c i r c u la r ly  symmetric, slow wave mode 
in  such a s tru c tu re  has two pass-bands, a forw ard wave pass-band and a  
backward wave pass-band.
The experim ental observations f o r  th e  slow wave p ropagation  are  shown 
in  F ig u res  6l ,  62, and 63 .  The p ressu re  d r i f t  observed during the  s tand ing  
wave measurements on the  f a s t  wave p ropagation  was a lso  observed during 
the slow wave measurements.
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From F igure 6 l ,  i t  i s  apparent th a t  two sep ara te  and d i s t in c t  slow 
waves were observed* However, i t  t ra n s p ire s  th a t  only the low er 
experim ental curve p e r ta in s  to  the low est o rder slow wave mode, the  o th e r  , 
experim ental curve p e r ta in s  to  some unknown h igher o rder mode, i . e .  n ^ l .  
T herefo re , a lthough  theory  p re d ic ts  two pass-bands f o r  the  low est o rder 
slow wave mode, only a p a r t  of the forw ard wave pass-band has been 
experim en ta lly  observed*
F igure 62, shows the  experim ental curves of f  a g a in s t (3 f o r  two 
d i f f e r e n t  d ischarge c u r re n ts ,  100 m .a. and 200 m.a* Also included  in  
F igure 62, a re  the th e o re t ic a l  curves which b e s t f i t  the  experim ental 
cu rves.
F igure 63 , i s  e f fe c t iv e ly  a r e - p lo t  of F igure 62, the  curve f o r
1
200 m.a* being ob ta ined  by assuming th a t  the plasma frequency f o r  a c u rre n t 
of 200 m.a,. w asj/2  tim es th a t  f o r  100 m .a. The f a c t  th a t  the curve f o r  
200 m .a. i s  depressed f a r  below th a t  f o r  100 m .a. suggests th a t  the 
e f fe c t iv e  plasma frequency of the plasma formed by th e  200 m .a. d ischarge 
c u rre n t was le s s  th a n 4 2 tim es th a t  o f  the  plasma formed by the  100 m .a. 
c u r re n t .  This lead s  us to  the fo llow ing  co nclusions% the  experim ental 
plasma was non-uniform , the degree of non-uniform ity  was dependent upon 
the magnitude of the d ischarge c u r re n t,  and the slow wave propagation  
c h a r a c te r is t ie s  were no t governed by the  average value of plasma frequency 
p re se n t in  the non-uniform plasma.
In  Chapter I ,  the  e f f e c ts  of a non-uniform plasma on a slow 
w ave's p ropagation  c h a r a c te r is t ic s  were in v e s tig a te d . I t  was th e o r e t ic a l ly  
p re d ic te d  th a t  the  slow-wave ( ^ -  (3) curves f o r  a non-uniform  plasma would 
he governed by the average value of i t s  plasma frequency f o r  sm all values 
of p , b u t th a t  f o r  la rg e  values of {3 the p ropagation  would be governed 
by the  sm aller values of plasma frequency p re sen t in  the non-uniform 
plasm a, i . e .  those values of plasma frequency p e r ta in in g  to  the edges of 
the plasma column, see F igure 24-* I f  the experim ental observations 
obeyed th is  theory  then the 200 m.a* curve in  F igure 63 would be co in c id en t 
w ith  the 100 m .a. curve a t  sm all va lues of (3* The f a c t  th a t  th is  i s  no t 
so tends to  suggest th a t  thecd - (3 curves a re  governed by the  sm aller 
va lues of plasma frequency f o r  bo th  la rg e  and sm all va lu es  of p . This 
i s  a reasonable  r e s u l t  s ince  i t  was shown in  Chapter I  th a t  the  slow wave 
propagation  i s  p r im a rily  a s so c ia te d  w ith  the plasma su rfaces  in  the absence 
of an a x ia l ,  d .c .  magnetic f ie ld *
I t  i s  of i n t e r e s t  to  note th a t  a c lo se  exam ination of T r iv e lp ie c e *s 
slow wave measurements rev ea ls  th a t  th i s  th e o r e t ic a l  work on slow wave 
propagation  in  non-uniform , conventional plasmas i s  a lso  a t  v ariance  w ith  
the experim ental r e s u l ts  f o r  sm all values of p . „
The va lues of plasma frequency p re d ic te d  by the slow wave measure­
ments f o r  a c e r ta in  c u r re n t,  a re  sm alle r than  those p re d ic te d  by the  
f a s t  wave measurements f o r  the  same c u r re n t.  T herefo re , the  f a s t  wave
-138=*
measurements are  no t a t  v ariance  w ith  the suggestion  th a t  the slow wave 
(&};ea P) curves a re  governed hy the sm alle r values of plasma frequency 
p re se n t in  a non-uniform plasm a.
The slow wave measurements have been made on the forw ard slow 
wave, th i s  slow wave i s  p r im a rily  a s so c ia te d  w ith  the  o u te r  surface  of - 
the annu lar plasm a, th e re fo re  the va lues of plasma frequency obtained  
from the  slow wave measurements p e r ta in  to  the o u te r  edge of the plasma 
column. The p re d ic te d  va lues of plasma frequency a re :
1*38. 10^ c y c le s /se c , f o r  a c u rre n t of 200 m.a. 
and 1.285.10^ c y c le s /se c . f o r  a c u rre n t of 100 m .a.
(° )  Conclusion
I t  has proved p o ss ib le  f o r  measurements to  be made on the low est 
o rd e r, c i r c u la r ly  symmetric, f a s t ,  and slow, wave modes in  the absence 
of an a p p lie d  D.C, magnetic f i e ld .  The f a c t  th a t  no evidence of backward 
slow wave propagation  could  be found, was a source of some disappointm ent. 
However, in  C hapter I  i t  was shown th a t  the backward slow wave was more 
c lo se ly  a s so c ia te d  w ith  the in n e r  plasma su rface  and th a t  i t s  e le c tro ­
magnetic f ie ld s  were very  weak near the o u te r  conducting su rfa c e , 
th e re fo re  a c e r ta in  amount of d i f f i c u l ty  in  observing the backward wave 
p ropagation  w ith  a probe lo c a te d  n ea r the o u te r  conducting su rface  i s  to  
be expected , see F igu res 11 and
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The experim ental in v e s tig a tio n  of f a s t  and slow wave propagation
has le d  to  the  conclusion  th a t  the experim ental plasma was non«uniform,
and th a t  the  degree of non-uniform ity  in c reased  as the  d ischarge c u rre n t
in c rease  a.. This id ea  may be extended ju s t  a l i t t l e  by considering  the
r e s u l t s  f o r  bo th  f a s t  and slow wave propagation  to g e th e r .
L et f  be the value of the plasma frequency a t  the o u te r  edge
F-edge
of the plasma column. Then the f a s t ,  and slow wave r e s u l t s  f o r  c u rre n ts  
of 100 and 200 m .a, may be p resen ted  a s :
C urrent f
P . edge.
R atio  of f
P. edge,
f
P. max.
Ratio of f
P. max.
100 m .a. 
200 m.a*
1.285. 10 cycles/ 
m  o .
1 .3 8 . 10 "
1
1 .08
1.3*l0^cyc!le£
sec .
2 .3 .10  "
/  1 
1 .7
Therefore by comparing the  r a t io s  between f  and fP .edge P.max.
f o r  the two d i f f e r e n t  c u rre n ts  i t  i s  apparent th a t  the plasma formed 
by th e  la rg e r  c u rre n t was more non-uniform than  th a t  formed by the  
sm alle r c u rre n t.
The f a s t  and slow wave measurements were perform ed on d i f f e r e n t  
days and w ith  th e  d ischarge tube under s l ig h t ly  d if f e r e n t  running co n d itio n s , 
i . e .  d i f f e r e n t  gas p ressu res  a t  zero c u r re n t.  Por th i s  reason  i t  i s
p r o b a b le  t h a t  a n y  m ore d i r e o t  c o m p a r is o n  b e tw e e n  t h e  f a s t  a n d  s lo w  w ave 
m e a s u re m e n ts  i s  i n v a l i d *  A ls o  o f  c o u r s e  t h e  e f f e c t s  o f  t h e  o b s e r v e d  
p r e s s u r e  d r i f t  w h ic h  o c c u r r e d  w hen s t a n d i n g  w ave m e a s u re m e n ts  w e re  m ade 
h a v e  b e e n  ig n o re d *  The v a l u e s  o f  f  p r e d i c t e d  b y  t h e  p h a s e  m e a s u re m e n ts  
c o u l d  n o t  b e  d i r e c t l y  c o m p a re d  w i t h  t h o s e  p r e d i c t e d  b y  t h e  s t a n d i n g  
w ave m e a s u re m e n ts  b e c a u s e  i t  w as f o u n d  n e c e s s a r y  t o  em p lo y  h i g h e r  g a s  
p r e s s u r e s  w hen p h a s e  m e a s u re m e n ts  w e re  made*
T he E f f e c t  o f  E l e c t r o n  C o l l i s i o n s
I t  h a s  b e e n  a s s u m e d  *&at t h e  e l e c t r o n  c o l l i s i o n s  h a d  a  n e g l i g i b l e  
e f f e c t  on  t h e  B r i l l o u i n  d ia g ra m s  s i n c e  n o n e  o f  t h e  g u i d i n g  s y s te m s  
e x p e r i m e n t a l l y  i n v e s t i g a t e d  d i s p l a y e d  a  v e r y  l o s s y  n a t u r e ,  s e e  
C h a p t e r  I I I .
- m -
Appendix I
The P ropagation  of Electromagnetic* Waves 
2
In  A M agnetised Annular Plasma
We wish to  p re d ic t  a th e o re t ic a l  B r illo u in  Diagram to  describ e  the
propagation  of e lec trom agnetic  waves along a co ax ia l l in e  f i l l e d  w ith  a
m agnetised plasm a,
Following Suhl and Walker the  most g eneral case w il l  be d iscu ssed ,
i* e ,  b o th  the p e rm it t iv i ty ,  [ e b  and the p e rm e ab ility , D*3, of the  plasma
w il l  be assumed to  have a m atrix  rep resen ta tio n *  The most genera l case
i s  considered  because the  a n a ly s is  tends to  possess a c e r ta in  symmetry
which makes i t  r e la t iv e ly  easy to  fo llo w . We s h a l l  assume th a t  the  a x ia l
j(wt-(3z)
m agnetic f i e ld  i s  Hq and th a t  the  p ropagating  f ie ld s  vary  as e
[e] i s  given by
0
€
0
0
£
where
CT a
00
00
€ = € (1+ crCi~ )
°  2
-  € ( )V (T
-  € 0 (
q a
00
00
[ a ]  i s  g iv e n  b y  |~L
P
w h e re
p -jic °~ i
jK P 0 1
0 0 p j
0
1«=> p . a;  2a  t  -o l « a
Kf a o  -  2
l^ a
Y 'H0 _ } v lKoa  ss 1 * « p  ss
900 LL 000
y i s  t h e  g y ro m a g n e t io  r a t i o  a p p r o p r i a t e  t o  e l e c t r o n  s p i n s ,  a n d  Mq i s  t h e  
s a t u r a t i o n  m s g n e t i z a t i o n .
L e t
E
2 2
i .  i l a .
2O a ?7 a q. cr
B
q2 -  l
P = _K_ = p
p  l-p a -a ^
V „  = P  p a
H T* 1  “ f c ?
The a n a l y s i s  i s  c o n s i d e r a b l y  s i m p l i f i e d  b y  t h e  a d o p t i o n  o f  t h e  
v e c t o r  m e th o d  e m p lo y e d  b y  S u h l  a n d  W a lk e r ,
The p r o j e c t i o n  o f  a  v e c t o r  A u p o n  t h e  p l a n e  n o rm a l  t o  t h e  z a x i s  i s  
d e n o te d  lay a l s o ,  i f  i t s  C om p o n en ts a r e  ( a , p )  t h e n  d e n o te s  t h e  v e c t o r
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a a *
((3, « a ) . S im ila rly  i f  V rep re se n ts  ( , ~3y~j  ) then  V re p re sen ts
. d ' e X
V — # “■ —)•
a y  a x
Denoting s c a la r  p roducts by a d o t, th e  fo llow ing  id e n t i t i e s  a re  ev iden t
* *
A , • A s  A i • Aj.
* *
❖
A, * A. « 0/vG w> (J 
£ *«*
A # B ss *°A • B
^  t
* ■A. . B ss z component of (A x 15)
o
I f  we denote the  s ta r r in g  o p e ra tio n  by the  symbol P , then 
9 1 a*=»P
** - -  „T> . T>J-* -  '
1+aP = *»1 ; P” = ~P ; P+a ,, 2 a i s  a number.
•* . Maxwell’ s Equations may be w r itte n  as
* * *
V* Hz + jp = j O) e • Sj; + W!7 Ej. ........................................................ (9a)
V* &  = =2 ....................................... ......  (9-b)
V. Bz + 5P St = * Bfc " S. .......................................... (9°)
%
v . E. ss H .     (9a)
^  z z
1To remove sca le  f a c to rs  we tak e  (3 =       as the u n i t  o f le n g th .
u .The magnetic f i e ld s  a re  m u ltip lie d  byN    to  give them the
z
dimensions of e l e c t r i c  f ie ld s *
-12,4-
„ equation  9a becomes,
l / 2 -  -
° ^ f e r
v  *
L. “ pT" o
t▼
newV new H
• H T\h %JL r
o vz
z
* / •
new (3 new ^
I . e .  j w / ‘ - ez - j r j l  V Hz + j = ^ sl t  %
jweg* Bt
v  Hz * J p ^
e  77 ’
j  —  3t + x -  &
^  z  ',*“P Z
«V Hz + 0^Ht = V ( j E  + p  B )
ill ^  t  33
(10a)
S im ila rly  equations 9b, 9o,  9cL» become
V . H. = jE . . .t  2
*  :5 s  *
°V ( jH + p K] vHVdat  h ~ tV B + j p gz t
V •jH
(Xffb)
(lOo)
( io a )
B and H may now be e lim in a ted  leav in g  two sim ultaneous second o rd er 
~ t  ~ t
equations between B and H •
Z 2
O perating on (10a) and (I0 o ) YfithVand usin g  (10b) and (lOd)
i . e .  $3V *H = V O v  •Sx ~ j p  H
~ ~  * "  ^  E  ZB
(11a)
Also
dpV _&±J — -V ( j V.H + p  V .H  )
H H b
-  pH
i* e * GPv^t  ~ (jVHj. + ^ Bz) = ^H_H * ‘li z z
*
O perating on (lO a) and (lOo) w ith  V -and usin g  (10b) and (lOd)
*
E "  *~t B " t
V‘ + o’pV .H = T ( jV  .3  + p  V. J  )
* u  t  TC t
,#,v h + dPv*& fa v .U h + pz r b z
~PEZ +jP
E“ /Vfc
, ’ .7 H  = -V H + jp^>B + V ^ H  - jp 2.
B z 3 z js'E  z dv
H
-)
2 2 2 
/ . V  H 4* V (1-P  -  P ) H = jp(P  4*P )E 
3 E E y  y  z  h E z
IS H
We may a lso  show th a t ,
x~y 2 . 2
Bz + VH (1  H " V -V E H
) E - j p £  + p )  H
z -  E H z
( l i b )
(13a)
(15b)
E quations(13) show th a t  n e i th e r  T*E* nor T.M. waves may ex is t*
However, i t  may be n o tic e d  th a t  when (3 —^ 0 the  T#E. and T.M* waves do e x i s t ,  
th i s  suggests th a t  a t  cu t« o ff  th e  waves p ropagating  in  th e  system a re  
e i th e r  T.E, o r  T*M.
By f a r  the  most convenient way of so lv ing  equations (13) i s  to  
f in d  those com binations of Es and Hz wllioh s a t i s f y  a r  o rd er equation
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. V2-i *n V
2 o
V ^  + X ^  = 0 . . . . . .  . . .  . . . . . .  (15)
Assume ^  = E^ + dAH^  . . .  . . .  . . .  . . .  . . .  (14)
Add jA tim es the  f i r s t  of equations (13) to  the second.
i . e .  jAC72H + aH = bE  ) .z z Z
V 2E + ®E = -bH z z z
where
a = V 1 - ^ -
b = dP(^, + ^H)
c = V 1 - ^  - v j x >
111 X I
V 2( e + jJSH ) + (c-;jAb)E + jA(a + ~ ~  ) H = 0z ° z ° z ° jA z
to  make th is  equation  of th e  same form as equation  ( l 5 ) se^
b 
OA
2 o  -  j A b  =  . x  = a  +  7
b A 2  +  ( o - a ) j A  -  b =  0 
YJ 1-0? -  ■J-rr; \  -  Y J l - r l  -  I-
2 ( HV ^  ~ V V  ~ A ^  " V VH
. . A + 1 .A  - 1 = 0 .
e  ( p E  +  p h  )
2
Also 2 = c "  3 ^  2‘ "b
• ) +  B(PE +^ ) V
E H
. . ( 16)
.  ( 17)
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Now
Ez
Ez
+ 3a 1h 2 = ^ 1
+  jAgH^ = i f  2
B = I s L k - l h l z .  ........................................................... (18)
a2 - l l
t i - f 2
H  =  A» “ 7................;...............     ( 19 )z *2 ~ A1
Equations ( l 6 ) ,  (l7)>  ( l 8 ) ,  and (19 ) may be used to  p re d ic t  th e  
lo n g itu d in a l components of e le c t r i c  and magnetic f i e ld s .  The method 
devised by Suhl and Walker has been employed throughout th e  a n a ly s is  to  
make the working e a s ie r  to  fo llow , however, to  f in d  th e  a c tu a l co n d itio n a l 
equation  governing the  p ropagation  of e lec trom agnetic  waves along a co ax ia l 
l in e  f i l l e d  w ith  a homogeneous m agnetised plasma, i t  i s  more convenient 
i f  th e  norm alized co n stan ts  in troduced  in  the a n a ly s is  a re  e lim in a ted ,
A lso P g  = 0 and = 1,
The boundary co n d itio n s  th a t  the  electrom agnetic  f ie ld s  have to
s a t i s f y  a re , E^ and E^ must be zero a t  a conducting su rfa c e , i , e .
E l  = 0 = E I , = 0 = E~ I = 0 = En | - z |r= a  z I r=b © | r=a ©|r=b
I t  may be shown th a t  E and EQ are  given by;z y
Ez = - j p 2[Q1g1 (J o(k1r )  + a N ^ k jr ) )  + Q ^ C l ^ k ^ + b K ^ ^ r ) ) ]
Eq “ jT?f3[0^k^( + alT^(k^r)) + Q g k ^ I^ J y ? )  +bK^(k2r ) ) ]
where Q^, Q f^ a , and b a re  constan ts , 
= ^ > * 1 ,2
g -  J “57
0 z
.  ,2W u C r 0 0
12 k .
a €/2 -77'2
( k ,  +  r )J
-  k
k
t ' J U
o
0
V
d
e'2 - rfZ
V
k
€
Applying the re le v a n t boundary co n d itio n s y ie ld s  the fo llow ing  
c o n d itio n a l equation ,
M( Q. U -  R . T )  -  n ( u . p  -  s . r )  +  o ( t . p  -  S . Q )  = 0  . . .  .  .
where
S = g ^ N ^ fc ja ) .  J ^ b )  -  J T ^ b ) .  J ^ a ) ]
T = e2^I o^k2a *^ J c /k] P  “  I c /k2b ^* J o^kl a ^
U = g2[Ko(k2a ) .  J Q(k^b) -  KQ(k2b ) .  J ^ a ) ]
P = k j t E ^ a ) .  J j tk jb )  -  E ^ b ) .  J ^ a ) ]
Q = k g tlj^ C ^ b ). J^(k^a) -  I ^ k ^ a ) .  J ^ k j b ) ]
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R = k g t r ^ l ^ a ) .  J ^ b )  -  K ^ b ) *  J^ (k ^a)]
H = g ^ C N ^ k jb ) .  ^ ( ^ a )  -  N0(ki a )« ^ ( k ^ ) ]
N -  - [ g ^ . I ^ k ^ ) ,  J ^ k ^ b )  + k g g ^ I^ k ^ b )*  J ^ ^ a ) ]
0 = [g ^ .K ^ C k g b )*  ^ ( ^ a )  -  g ^ . K ^ ^ a ) .  J ^ k ^ b ) ]
The B r il lo u in  diagrams p red ic ted  by the co n d itio n a l equation  a re  
shown in  .Figures (27) and (28 ),
In  the above work we assumed th a t  X^ was p o s it iv e  andX 2 was 
n eg a tiv e  and so the  c o n d itio n a l equation  p re d ic ted  the  B r i l lo u in  diagram 
p e r ta in in g  to  f a s t  wave p ropagation , however, i f  bothX ^ andX 2 had 
been assumed to  be n egative  then  th e  c o n d itio n a l equation  p e r ta in in g  to
slow wave propagation  would have been d eriv ed . The slow wave c o n d itio n a l
equation  has been derived  and th e  B r il lo u in  diagram which i t  p re d ic ts  i s  
shown in  F igure ( 2 l ) ,  Also included  in  F igure (2 l)  i s  the  B r il lo u in  
diagram p red ic ted  by th e  slow wave approxim ation. The f a c t  th&t the  
two B r i l lo u in  diagrams a re  co in c id en t in d ic a te s  th a t  th e  slow wave 
approxim ation i s  a very  accu ra te  approxim ation a t  microwave freq u en c ie s .
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APPCTDIX II
Slow Wave Propagation In A Fonuniform Annular Plasma 
a) Calculation of The Valu e of ^ id
The average value of the electron number densityrN  ,
is given by .
~  J _  / r% *
W = fi j  JF(r).r*dr.de.
where A$ is the cross-sectional, area of the plasma = rr(^'
and
N(r) = F0 (l
O  r -
N W  =  H i  [ / _  {*- c ' ) 1  1
l! (b/  J
w
Nq.X
(z%-i) y
.1
x. Jx 0 )-
N n . X  3  L  ( l £  + (c '? ±  -  z x '-j L )
i  (b r *  z  3
Wow C '  =  X
n  =  N0 (  1 ~  ' ^ ( a ) 1 )
-151-
-152-
b) Model Solu t ion
The case considered is the third approx 
imation to the diagram for a nonuniform plasma* A
data sheet on the functions is included at the end of 
this section*
Third approximation, therefore assume
R ~ a o +  a i $  +
s‘ £+ 2 a „ a ,^ +  2a*et,4 '&  +
= £  + a,1 a , f a  r,f! + ®,£) +
+ al1(vV<jV + eti+  y,f,+ z, fx+ 5 $  + 2axP-c fcii 
+ a a x a, ( .b ,.fi  + <%&+. d<f' + e ' $> ^
Note that has been written a s ,
£ A^ . , see data sheet,
. s, + a£.g# + ?ar at , e t ) f 0 
+ (a4-, r, + 2a0.a/.<j!,+ &i-y/ + 2a,.a,.rl, ) f,
+ (a*-, q, + ®e£.Z, + 28*8*$,+ ?a,.e5, c,
+ (e*.f, + 2ave,.b< )4 + (a£.w, ) A
Also an • a$ aj,B«au;w —— O  . w i i i A * J .  O  -  • » * * *  **
d x  H d x  A dX
—  CL*vP/-$, + aj.(u,f, +T{.^)
= a*,u,.$ + (arv, + a,.p, ) $>
•*• (|~) = +(a\.^1 + a,4.?'? + ?a2. a, ■%) $
+ 2a*.u, (a*. v, + a,. p, ) <j),
-  [a* • % • uj1 + (e*,v* + a f.p*  + ?v, . p( . a,.a*) £ }  <j}o 
+ Qe^.nf . r, + (2a4 . u, , v, + 2a,. a* . $,
+ ( e ^ . u ? . q , ) A  
Note that both and ij)- have been written as
<r A„, (D  see data sh ee t
i  * '
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Now:
r r  n •
/ x-4 $ftx 4 M a/ ~
*4 Jf
s u b s t i tu t in g  f o r  £ ^  (^fit) } and ( * A
+  3.O ., ■ ax- p, u.:) <j)aJ +  K.L{af,tJ?.p) 
+ ( /3 l <)t ( ^  +  + o -V , + a * . j, + * c y  a , .  e ,j
- f t t z j . K . J *  + l a . a l . Q  + - c £ .y , + 1 * ^ , 4 )
+ (/3ri), K. 1 ( c ** ■+ ° t -  } / + * Q®'<4.’ “fo + Z
- 1 % ' f  [ a * .  % +  6 ! } + a ^ (3 L '6 f r if.lo o f? )
+- a . a 1 (‘;w66S'j<?H) + %-a, ( 1 - 0 9 / 9 0 ^ ^ )  +
+ r'- frf[Q£ * i r  +  ^ 7 8 7/rJ + a /V i- s - 6 t , i c x i i j
-  <xt,a2(6'9fZlib)4Qs <it (S'*<iUi6rf) -  Qg-afc-WSM')
The only term s in  th e  above expression  f o r  X which are  no t known 
numbers a re , CD, ySj a*, ft,; <0^ . To minimise X w .r« t ft d i f f e r e n t ia te  
X w * r .t ,  a e  ^ Qt$ and and s e t  each d i f f e r e n t i a l  to  ze ro , th e reb y
th re e  l in e a r  sim ultaneous equations in  CLq , a f i and are  ob ta ined , 
S e ttin g  the  determ inant of t h i s  s e t  of equations to  zero y ie ld s  the  
c o n d itio n a l equation  r e la t in g  U) andyft*
The determ inant which i s  to  be s e t  to  zero i s  in c lu d ed , t h i s  was 
employed to  f in d  the  th i r d  approxim ation to  th e  curve p lo t te d  in  
F igure 24*
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* *
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Data, Sheet IW  the  Qrthonormal Set of Functions
-  '$!te96?a
f f s  * 4'*f2*SZ8Jj
$ 1 . -  l b l l 6 T Z 6 ' * * L -  3 3 - * ? 4 u 3 * f * / . X
* U * ix w X6/£.xJ -  -  f i - i r f i f i m . f i
*  q i ' S s * 4* * ? ? . * * - t f t ' X & z s ' / y ? ' + t t & v n s * i t . x  ■ + / 4 * w t t o 7 '
-  4 3 z r & t t f £ f 9)t? ~  ZM 9S3zm<p0 - t o B - M f o i i x f ,  * n  f o S l l t f t f t .
^  S. / f t ' / f f / / * * ? .  % + ~ f o + t ' t t * S 9 S . £  +  %*i£‘-9 4 t i f* X .> ? '  ~ & 7 7 * ' 4 < 4 X X 4 & 1 ‘* l £ ' t t 7 f  
=  n s ' f 8 t / 6 t ( $ 7 + ~ / j i $ k i m o q - f 0  -  *$4,9$ - x n r f f i t e O f i . f ^ ~ z s n & 7 $ v $ *
4Jk -  o
Jx
4 A  -  t - S i o o ^ o ^ , f t 0  _  ^
<M -  i - ' I l o t w / . f i  -t'USZ/S~)i.ft0 ■=: u, f t  +  v , f a
Jf.
4 . , < P o -  ’V ' t w r s - f c
ft , . f t i  - -  • t i O t l i r *  f t  
M W * * f t *
f t .  f t  -  - ■ n ' m v - f t ,  4 ’V t » 9 r ? * - f 0 =. o, ft l + n f t  ♦
f t .  fa  sr  w a t t  f t 3 -  ■ /6S '7S XJf f t '  +  ■■tl+is-l-rif f t  9r • o o o o o l ^ ,
~  S  f  3 f  C' ^  + 4  $  * * '< 4
i - f  =
*  K . f t  t  3 , 4  + <j(.<ji, r  3 ^ 4  r
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List of Some of the More Important Constants
Constant governing the  degree of plasma non~uniform ity.
Magnetic f lu x  d e n s ity .
V e lo c ity  of e lectrom agnetic  waves in  vacuo.
E le c tr ic  f lu x  d en s ity .
E le c tr ic  f i e l d  in te n s i ty .
E le c tro n ic  charge,
Frequency.
Plasma frequency
Soot mean square value of plasma frequency.
Magnetic f i e l d  in te n s i ty .
C urrent d en s ity .
E lec tro n  number d e n s ity .
Order of fu n c tio n , o r so lu tio n .
CO «(3.
E le c tro n ic  mass.
R adial component.
E lec tro n  v e lo c ity  under th e  a c tio n  of im pressed e lectrom agnetic  f i e ld s  
A xial component.
P ropagation  co n s ta n t.
P e rm it t iv i ty .
P e rm it t iv i ty  of f re e  space*
Angular co-ord inate*
G-uide wave length*
P erm eab ility .
Charge d en s ity .
Angular frequency.
Cyclotron an g u la r frequency.
Plasma angu lar frequency*
Maximum plasma angu lar frequency*
Root mean square value of plasma an g u la r frequency.
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' Waves in  a  Coaxial L ine -p a rtia lly  f i l l e d  w ith  Plasma 
By K.W.5. ffoulds and P .P . P inder
In tro d u c tio n
The propagation  of e lectrom agnetic waves through c i r c u la r
waveguides p a r t ia l ly  f i l l e d  w ith a  plasma has te e n  s tu d ied  by sev era l 
1,2
workers over the  l a s t  ten  y e a rs , and the p ropagation  o f bo th  f a s t  and 
slow waves has been w ell documented fo r  uniform  plasm as. In  ad d itio n , 
th e  p ropagation  of slow waves in  non uniform  plasmas has rece iv ed  
co n s id e rab le  a t te n t io n .
The f a s t  waves in  th ese  c i r c u la r  waveguides cu t o f f  when th e  
r e l a t iv e  p e rm it t iv i ty  of the  plasma reg io n  i s  s ig n if ic a n t ly  d if f e r e n t  
from ze ro . A co ax ia l l in e ,  however, com pletely f i l l e d  w ith  a  uniform  
plasm a, propagates a  f a s t  T.E.M. wave which does not cu t o f f  u n le ss  th e  
r e la t iv e  p e rm it t iv i ty  o f the  plasma i s  zero . This has le d  to  the 
in v e s t ig a t io n  o f th e  p ropagation  of f a s t  and slow waves in  a  co ax ia l l i n e  
p a r t i a l l y  f i l l e d  w ith  a  plasma, the r e s u l t s  of which a re  g iven in  th is  
p ap er,
E ast Waves
I t  i s  necessary  to allow  fo r  the  g la ss  tube in  which th e  plasma i s  
co n ta in ed , and any a i r  gaps, and th e re fo re  we con sid e r th e  co ax ia l 
system  shown in  f ig u re  1 in  which the  reg ion  between the  conductors 
c o n s is ts  of a  s e r ie s  of concen tric  reg ions o f d if f e r e n t  p e r m it t iv i t i e s .
Dr, Eoulds and Mr. P inder a re  a t  B a tte rse a  C ollege of Technology, London.
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The f ie ld  a n a ly s is  o f  the  p ropagation  o f e lectrom agnetic  waves through 
such a  system i s  s tra ig h tfo rw a rd . The e le c t r ic  and magnetic f ie ld s  
s a t i s f y  Maxwellfs equations, and because of the c i r c u la r  geometry of 
the  system, the v ario u s  f i e ld  components in  each reg ion , a re  g iven  in
terms o f B essel fu n c tio n s  o f the  argument k r  where k — w  V'C — f t
f *
and K toss' e i th e r  p o s it iv e  o r  n eg a tiv e . In  a d d itio n  a l l  the f i e ld
components ta n g e n tia l to the in te r fa c e s  between th e  v ario u s  d ie le c t r ic  
reg ions most be continuous acro ss  the  in te r f a c e .  The a n a ly s is  lead s  to 
th e  CO —f t  r e la t io n  fo r  any mode, and th e  p re c is e  d is t r ib u t io n  of 
each f i e ld  component in  each medium.
I t  i s  found th a t  the low est o rd er p ropagating  mode i s  an a x ia l ly  
symmetrical mode w ith  a  log itu & in al component o f only th e  e le c t r ic  f i e ld .
r.
I f  the p e r m it t iv i t ie s  a re  independent of the  frequency th is  mode has no 
c u t-o f f  and may be considered  as a  p ertu rbed  T.E.M, mode. I f  one of the  
reg ions i s  a  plasma th is  low est o rd e r mode s t i l l  p ropagates b u t i t  now 
c u ts  o f f  when th e  r e la t iv e  p e rm it t iv i ty  o f the plasma becomes zero , i . e .  
i t  c u ts  o f f  a t  the  plasma frequency.
Although th ese  r e s u l ts  have been ob tained  from the  rigo rous f i e ld  
a n a ly s is  i t  i s  convenient to consider whether th ese  fundamental c h a r a c te r is t ic s  
o f p ropagation  can be ob tained  from a  simple tran sm iss io n  l i n e  analogue.
A co ax ia l l in e  uniform ly f i l l e d  w ith  a  homogeneous d ie le c t r ic  i s  
e x a c tly  rep resen ted  by a tran sm iss io n  l in e  w ith  uniform ly d is tr ib u te d  
s e r ie s  inductance and shunt cap ac itan ce , and th e  values of the  l in e  
co n s ta n ts  a re  ob ta ined  from s ta t i c  f i e ld  techn iques. The d isc r im in a tin g  
f e a tu re  o f p ropagation  in  th e  m u lt i -d ie le c tr ic  coax ia l l in e  i s  the
ex isten c  e of the  (^.component, and th i s  cannot be r ig o ro u s ly  allow ed fo r
i f  th e  s t a t i c  shunt cap ac itan ce  i s  c a lc u la te d  tak ing  in to  account the 
vario u s  d ie le c t r ic  a n n u li, the r e s u l t in g  tran sm iss io n  l in e  lead s  to  an
/3 r e la t io n  which i s  in  good agreement w ith  the exact f i e ld  a n a ly s is .  
This transm ission  l i n e  technique s t i l l  holds in  the  presence o f an  ap p lied  
a x ia l  magnetic f i e ld ,  provided one bears in  mind th a t  the  e f fe c t iv e  r a d ia l  
p e r m it t iv i ty  depends upon th e  magnetic f i e ld .  The most im portant e f fe c t  
o f  th e  lo n g itu d in a l magnetic f i e ld  i s  to  s h i f t  th e  c u t-o f f  frequency from
I f  one assumes th a t  th e  plasma i s  non uniform  the  rigo rous f ie ld  
a n a ly s is  becomes extrem ely d i f f i c u l t  to  so lv e . The eq u iv a len t tran sm iss io n  
l i n e  i s  th e re fo re  p a r t ic u la r ly  u se fu l in  th is  case to  p re d ic t  the 
r e la t io n  fo r  th e  system, and th is  can be done fo r  b o th  w ith  and w ithout 
an ap p lied  a x ia l  magnetic f i e ld .
Slow Waves
The f i e ld  a n a ly s is  a lso  shows th a t  i t  i s  p o ss ib le  fo r  waves of 
frequency le s s  than  the  plasma frequency to  propagate through th e  system .
We s h a ll  c a l l  them slow waves ir re s p e c t iv e  of th e i r  a c tu a l phase v e lo c i t i e s .
The slow waves a s so c ia te d  w ith  th is  coax ia l l i n e  system a re  of 
p a r t ic u la r  i n t e r e s t .  In  the absence of an e x te rn a lly  ap p lied  magnetic f i e ld  
th e  slow waves along any plasma column can be considered  as plasma su rface  
waves. In  th e  coax ia l l i n e  th e  plasma column has two su rfaces  and we might 
i n tu i t iv e ly  expect the system to support two a x ia l ly  symmetrical slow waves. 
The th e o re t ic a l  a n a ly s is  shows th a t  th e re  a re  two such slow waves and th e  
corresponding OJ ~ p  diagram i s  shown in  E igure  2. I t  i s  in te r e s t in g  to
in  a  normal tran sm iss io n  l in e  re p re s e n ta tio n . I t  i s  found however th a t
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not© th a t  one o f tho waves is  a  forw ard wave and i s  very s im ila r  to  the 
forw ard slow wave which would occur in  a  p a r t i a l l y  f i l l e d  c i r c u la r  
waveguide. The second slow wave i s  a  backward wave. This i s  in  marked 
c o n tra s t  to  the p a r t i a l l y  f i l l e d  waveguide which can support a backward 
wave only in  th e  p resence o f an ap p lied  a x ia l magnetic f i e ld .  F igure 3 
shows the  v a r ia t io n  o f th e  lo n g itu d in a l component o f the  e le c t r i c  f i e ld  
as  a  fu n c tio n  of rad iu s  fo r  each, o f the  two waves. I t  should be noted 
th a t  whereas the  forw ard wave is  mainly a s so c ia te d  w ith  the  o u te r  plasma 
su rfa c e , the backward wave i s  mainly a s so c ia te d  w ith  the  in n e r plasma 
su rfa c e .
Applying a lo n g itu d in a l magnetic f ie ld  to the  co ax ia l l in e  system 
causes the  slow waves to change from being su rface  waves to  being  body 
waves, and consequently the  a c tu a l plasma su rfaces  become le s s  im portan t,
We expect th e re fo re  th a t  the  00-pd iag ram s fo r  slow waves in  a l l  
c y l in d r ic a l  systems in  the  p resence of a  lo n g itu d in a l magnetic f ie ld  would ' 
have th e  same q u a l i ta t iv e  form. The c a lc u la te d  o j  -  ft diagrams show th a t  
th i s  i s  so .
The p ropagation  o f th e  forward slow wave along a non-uniform 
an n u la r plasma, in  the  absence of an ap p lied  magnetic f i e ld ,  has been 
in v e s tig a te d  u s in g  th e  v a r ia t io n a l  technique suggested  by Assuming
th a t  the  e le c tro n  d en s ity  d is t r ib u t io n  is  p a rab o lic  about the mean plasma 
ra d iu s , F igure 4 shows th a t  the main e f fe c t  of the  non-uniform ity  i s  to 
low er the  c u t-o f f  frequency of the slow wave. For any p a r t ic u la r  v a lu e  of 
c u r re n t,  the  g re a te r  the non-uniform ity  the low er i s  the c u t-o ff  frequency. 
This agrees q u a l i ta t iv e ly  w ith  th e  r e s u l t  of K ino^  work on the p ropagation
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of slow waves aloh? a  non-uniform c i r c u la r  plasma column.
Experim ental R esu lts
The experim ental work to v e r ify  the  th e o re t ic a l  B r i l lo u in  diagrams 
has been g re a tly  hampered by the p ra c t ic a l  d i f f i c u l t i e s  o f a c tu a lly  
producing an a x ia l ly  symmetrical annu lar d isch arg e . A fte r  much development 
work the tube shown in  F igure b was co n stru c ted  and th is  has proved very  
s a t i s f a c to r y .  Using th is  tube in  a  s lo t te d  co ax ia l l i n e  as shown in  
F igure 7 i t  has been p o ss ib le  to make ex ten siv e  measurements on th e  f a s t  
ware p ropagation  and F igure 5 shows th e re  i s  f a i r l y  good agreement w ith  
the  th eo ry . F igu re  5 a lso  shows th a t  the transm ission  l in e  0 -)~ f t  cu rv es  
f o r  th e  non-uniform plasmas a re  more n ea rly  in  agreement w ith  experiment 
than  a re  the tran sm iss io n  l in e  C J - f t  -curves fo r  uniform  plasm as.
The c u rre n t ca rry in g  a b i l i t y  o f the  d ischarge  tube i s  l im ite d  by the  
h e a tin g  e f fe c t  produced by th e  d ischarge upon th e  in n e r . When the d ischarge  
tube c a r r ie s  a  c u rre n t of over 250 mA fo r  some time the in n er begins to sag .
A c e r ta in  amount of d i f f i c u l ty  has been encountered in  the  experim ental 
in v e s t ig a t io n  of the  slow wave p ropagation . I t  seems th a t  th e  tapered  
se c tio n s  of guide necessary  to launch  the electrom agnetic  waves in to  th e  
co ax ia l system, tend to e x c ite  h igher o rder modes, so th a t  over some 
frequency ranges the guiding system i s  over-moded and slow wave measurements 
cannot be in te rp r e te d .  However, i t  has proved p o ss ib le  fo r  adequate slow 
wave measurements to be made on the  forward propagating  mode in  the absence
of an in n e r conductor. The experim ental r e s u l t s  a re  g iven  in  F igure 8 which
r-7shows th a t  the  co curve fo r  the la rg e r  c u rre n t i s  low er than th a t  fo r
th e  sm aller c u r re n t.  This i s  in  accordance w ith  th e  theory of slow wav©
propagation  in  non-uniform plasmas i f  we assume th a t  th e  plasma m aintained 
by the  la rg e r  c u rre n t i s  more non-uniform  than  th a t  produced by the  sm aller 
c u r re n t .  This r e s u l t  and exp lanation  i s  sen sib ly  the  same as th a t  rep o rted  
by T riv e lp iece  when he in v e s tig a te d  slow wave p ropagation  in  conventional 
plasma columns.
I t  has not been p o ss ib le  so f a r  to  f in d  any d ir e c t  experim ental 
evidence fo r  the  ex is ten c e  of th e  backward wave. A p o ss ib le  exp lanation  
f o r  th is  fo llow s from l ig o re  3 which shows th a t  the backward wave i s  
m ainly a s so c ia te d  w ith  th e  in n e r  plasma su rfa c e . The e le c t r ic  f i e ld  in  
th e  f r e e  space annulus i s  correspondingly  very  weak, and th e re fo re  the 
probe lo c a te d  w ith in  th is  reg ion  i s  a  r a th e r  in s e n s i t iv e  d e te c to r  fo r  
backward wave p ro p ag a tio n . Work i s  on hand in  developing a  technique to 
sample th e  f ie ld s  around the  in n e r  conductor.
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Figure 6. Diagram of the annu lar plasma tube.
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